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ฏ੒̏̌೥
 /Q+iQ`H i?2bBb bm#KBii2/ iQ
hQ?QFm lMBp2`bBiv
PM AM/2+QKTQb#H2 .2+QKTQbBiBQMb Q7 S2`bBbi2M+2
JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6BMBi2 hvT2
M/ S2`bBbi2Mi >QKQHQ;v Q7 aKTH2/ JTb
>B`Qb?B hF2m+?B
62#`m`v kyRN
#bi`+i
hQTQHQ;B+H /i MHvbBb ?b #22M /2p2HQT2/ b  iQQH Q7 /i MHvbBb r?B+? +M [mM@
iBiiBp2Hv +Tim`2 iQTQHQ;B+H b?T2b Q7 ;2QK2i`B+ /i U2X;X iQTQHQ;B+H bT+2b- TQBMi
+HQm/bVX  +2Mi`H `QH2 BM iQTQHQ;B+H /i MHvbBb Bb THv2/ #v T2`bBbi2Mi ?QKQHQ;v
;`QmTb- r?B+? `2 b2[m2M+2b Q7 HBM2` KTb #2ir22M ?QKQHQ;v ;`QmTb rBi?  }2H/ +Q27@
}+B2Mi KX "v 7Q`KmHiBM; i?2 T2`bBbi2Mi ?QKQHQ;v ;`QmTb b `2T`2b2MiiBQMb Q7 [mBp2`b-
i?2 +QM+2Ti Q7 T2`bBbi2Mi ?QKQHQ;v ;`QmTb ?b #22M 2ti2M/2/ iQ ;2M2`H T2`bBbi2M+2
KQ/mH2bX h?Bb 2ti2MbBQM ?b 2M#H2/ iQ +Tim`2 iQTQHQ;B+H 72im`2b Q7 ;2QK2i`B+ /i
r?B+? i?2 +QMp2MiBQMH +QM+2Ti Q7 T2`bBbi2Mi ?QKQHQ;v +MMQi /2H rBi?X
M 2tKTH2 Q7 i?2 2ti2MbBQM Bb T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b- r?B+?
+M bBKmHiM2QmbHv +Tim`2 +QKKQM iQTQHQ;B+H b?T2b M/ i?2B` `Q#mbiM2bb Q7 iBK2 b2@
`B2b ;2QK2i`B+ /iX AM ;2M2`H- r?2M r2 +QMbB/2` `2H /i MHvbBb mbBM; T2`bBbi2M+2
KQ/mH2b- Bi Bb `QmiBM2 iQ /2+QKTQb2 i?2 T2`bBbi2M+2 KQ/mH2b M/ 2ti`+i i?2 ;2M2`iQ`b
Q7 ?QKQHQ;v ;`QmTbX  ;2M2`H /2+QKTQbBiBQM H;Q`Bi?K mbBM; B/2KTQi2Mib BM i?2 2M@
/QKQ`T?BbK `BM;b Q7 i?2 T2`bBbi2M+2 KQ/mH2b Bb FMQrMX q?BH2 i?Bb H;Q`Bi?K +M /2H
rBi? `#Bi``v ivT2b Q7 T2`bBbi2M+2 KQ/mH2b- i?2 +QKTmiiBQMH +QKTH2tBiv Bb iQQ ?B;?
7Q` i?2 TTHB+iBQMbX
AM Q`/2` iQ //`2bb i?Bb Bbbm2- r2 T`QpB/2 +QKTmiiBQMHHv HB;?i2` /2+QKTQbBiBQM H@
;Q`Bi?Kb bT2+BHBx2/ 7Q` i?2 T2`bBbi2M+2 KQ/mH2b QM i?2 +QKKmiiBp2 H//2`bX 1p2`v
T2`bBbi2M+2 KQ/mH2 QM  +QKKmiiBp2 H//2` +M #2 r`Bii2M BM #HQ+F Ki`Bt 7Q`K #v `2@
;`/BM; Bi b  KQ`T?BbK #2ir22M `2T`2b2MiiBQMb Q7 M An ivT2 [mBp2`X Pm` H;Q`Bi?K
i`Mb7Q`Kb i?2 #HQ+F Ki`Bt iQ  MQ`KH 7Q`K #v mbBM; BbQKQ`T?B+ i`Mb7Q`KiBQMbX q2
T`Qp2 i?i i?2 T`Q+2/m`2 Q7 i`Mb7Q`KiBQMb iQ i?2 MQ`KH 7Q`K Bb 2[mBpH2Mi iQ i?2
BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 QM i?2 +QKKmiiBp2 H//2`X
b MQi?2` 2tKTH2 Q7 T2`bBbi2M+2 KQ/mH2b pBH#H2 7Q` iBK2 b2`B2b ;2QK2i`B+ /i-
r2 +QMbB/2` T2`bBbi2Mi ?QKQHQ;v Q7 bKTH2/ KTbX  bKTH2/ KT Bb  `2bi`B+iBQM Q7
 +QMiBMmQmb KT iQ  }MBi2 bm#b2iX h?Bb +M #2 b22M b  KT #2ir22M TQBMi +HQm/b-
BM Qi?2` rQ`/b-  KQp2K2Mi Q7 TQBMi +HQm/bX 6`QK i?Bb bKTH2/ KT- r2 +M ;2M2`i2
 }Hi`iBQM Q7 bBKTHB+BH KTbX TTHvBM;  ?QKQHQ;v 7mM+iQ` iQ i?Bb }Hi`iBQM vB2H/b
i?2 }Hi`iBQM Q7 ?QKQHQ;v BM/m+2/ KTb- r?B+? +M +Tim`2 `Q#mbi iQTQHQ;B+H b?T2b
Q7 i?2 +QMiBMmQmb KTX h?2 #HQ+F Ki`Bt 7Q`K K2MiBQM2/ #Qp2 2M#H2b iQ /2}M2 i?2
T2`bBbi2Mi ?QKQHQ;v Q7 i?2 }Hi`iBQM Q7 ?QKQHQ;v BM/m+2/ KTbX JQ`2Qp2`- i?Bb K2i?Q/
;2M2`iBM; i?2 T2`bBbi2Mi ?QKQHQ;v +M #2 miBHBx2/ iQ MHvx2 k@. T2`bBbi2M+2 KQ/mH2bX
q2 +M T`Qp2  bi#BHBiv i?2Q`2K- i?i Bb- R@GBTb+?Bix +QMiBMmBiv Q7 i?2 T2`bBbi2Mi
?QKQHQ;v iQ i?2 bKTH2/ KTX h?MFb iQ i?Bb bi#BHBiv i?2Q`2K- 2``Q`b Q7 QmiTmi Ui?2
T2`bBbi2Mi ?QKQHQ;vV `2 #QmM/2/ #v 2``Q`b Q7 BMTmi Ui?2 bKTH2/ KTVX
*QMi2Mib
RX AMi`Q/m+iBQM R
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b X X X X X X X X X X X X X X X j
RXkX hQTQHQ;v Q7 aKTH2/ JTb X X X X X X X X X X X X X X X X X X X X X X X X X e
kX S`2HBKBM`B2b Ry
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b X X X X X X X X X X X X X X X X Ry
kXRXRX ZmBp2`b M/ _2T`2b2MiiBQMb X X X X X X X X X X X X X X X X X X X X X Ry
kXRXkX "QmM/ ZmBp2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb X X X X X X X X X X X X X X X X X X X X Rk
kXkXRX aBKTHB+BH *QKTH2t2b 7Q` SQBMi *HQm/b X X X X X X X X X X X X X X X Rk
kXkXkX S2`bBbi2Mi >QKQHQ;v- S2`bBbi2M+2 .B;`Kb- M/ S2`bBbi2M+2 JQ/@
mH2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj
kXkXjX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b X X X X X X X X X X X R9
kXjX ``Qr *i2;Q`B2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Re
jX Ji`Bt J2i?Q/ 7Q` S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6B@
MBi2 hvT2 Rd
jXRX Ji`Bt LQiiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
jXRXRX 6`QK _2T`2b2MiiBQMb iQ ``Qrb X X X X X X X X X X X X X X X X X X Rd
jXRXkX 6`QK ``Qrb iQ Ji`Bt 6Q`K X X X X X X X X X X X X X X X X X X X X R3
jXRXjX S2`KBbbB#H2 PT2`iBQMb X X X X X X X X X X X X X X X X X X X X X X X X ky
jXkX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk
jXkXRX AMTmi M/ LQiiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X kk
jXkXkX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj
jXjX .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y
9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT 9j
9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb X X X X X X X X X X X X X X X 9j
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb X X X X X X X X X X X X X X X X X X X 9e
9XkXRX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d
9XjX ai#BHBiv MHvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
9X9X .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
9X9XRX :`B/ 6BHi`iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
9X9XkX 6mM+iQ`BHBiv 7Q` Pi?2` AMi2`pHb M/ P`B2MiiBQMb X X X X X X X X X 88
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib X X X X X X X X X X X X X X X X 83
B
*QMi2Mib
X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb ej
XRX S2`bBbi2M+2 .B;`Kb Q7 :`MmH` S+FBM;b X X X X X X X X X X X X X X X X X ej
XkX .27Q`KiBQM JQ/2Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8
"B#HBQ;`T?v dR
BB
*?Ti2` RX
AMi`Q/m+iBQM
AM i?Bb i?2bBb- r2 T`2b2Mi /2+QKTQbBiBQM K2i?Q/b 7Q` #`Q/Hv irQ ivT2b Q7 T2`bBbi2Mi
?QKQHQ;v ;`QmTbX S2`bBbi2Mi ?QKQHQ;v ;`QmTb U##`2pX T2`bBbi2Mi ?QKQHQ;vV- }`bi T`Q@
TQb2/ BM i?2 TT2` (R8)- `2 T`Qi;QMBbib BM i?2 }2H/ Q7 iQTQHQ;B+H /i MHvbBb- r?2`2
r2 MHvx2 `Q#mbi iQTQHQ;B+H bi`m+im`2b U2X;X +QMM2+i2/ +QKTQM2Mib- ?QH2b- +pBiB2b- Q`
?B;?2` /BK2MbBQMH ?QKQHQ;v ;`QmTbV Hi2Mi BM /iX S2`bBbi2Mi ?QKQHQ;v ?b #22M T@
THB2/ iQ  rB/2 `M;2 Q7 /i MHvb2b- 7Q` 2tKTH2- +pBiB2b BM ;`MmH` Ki2`BHb (ke)-
T`Qi2BM +QKT`2bbB#BHBiv (RN)- ?B2``+?B+H `BM; bi`m+im`2b BM KQ`T?Qmb bQHB/ (kk)- M/ bQ
QMX
hQ bi`i- r2 rBHH T`2b2Mi  bKHH 2tKTH2 Q7 iQTQHQ;B+H /i MHvbBb mbBM; T2`bBbi2Mi
?QKQHQ;vX  }MBi2 bm#b2i Q7  1m+HB/2M bT+2 Bb +HH2/  TQBMi +HQm/- r?B+? Bb  ivTB+H
KQ/2H Q7 2tT2`BK2MiH /i- bm+? b iQKB+ +QM};m`iBQMbX
6B;m`2 RXR Bb  bKHH 2tKTH2 Q7 TQBMi +HQm/ P 2K#2//2/ BM i?2 k@/BK2MbBQMH 1m@
+HB/2M bT+2 R2X P`/BM`BHv- 1@/BK2MbBQMH ?QKQHQ;v ;`QmTb `2 mb2/ iQ 2ti`+i ?QH2
P :
6B;m`2 RXRX, h?2 b2i P Q7 i?2 #H+F TQBMib #Qp2 Bb  bKHH 2tKTH2 Q7  TQBMi +HQm/
BM 2@/BK2MbBQMH 1m+HB/2M bT+2X q2 +M Q#b2`p2  ?QH2@HBF2 bi`m+im`2
BHHmbi`i2/ rBi? i?2 `2/ ``QrX h?2 K+?BM2`v Q7 +HbbB+H ?QKQHQ;v +MMQi
`2i`B2p2 bm+? bi`m+im`2 bBM+2 i?2 iQTQHQ;v Q7 P Bb /Bb+`2i2X
bi`m+im`2b BM iQTQHQ;B+H bT+2bX Hi?Qm;? QM2 Mim`H iQTQHQ;v 7Q` bm+?  TQBMi +HQm/
Bb i?2 `2HiBp2 iQTQHQ;v BM/m+2/ #v R2- bBM+2 i?2 `2HiBp2 iQTQHQ;v Bb /Bb+`2i2- r2 +MMQi
2ti`+i i?2 ǳpBbB#H2Ǵ ?QH2 rBi? ?QKQHQ;vX AM iQTQHQ;B+H /i MHvbBb- bm+?  ?QH2 +M
#2 7Q`K2/ BM i?2 7QHHQrBM; rvX
*QMbB/2` i?2 }Hi`iBQM X1 ⊂ X2 ⊂ X3 ⊂ X4 BM 6B;m`2 RXkX 1+? iQTQHQ;B+H bT+2 Bb
R
*?Ti2` RX AMi`Q/m+iBQM
X1
rBi? `/Bmb r1
X2
rBi? `/Bmb r2
X3
rBi? `/Bmb r3
X4
rBi? `/Bmb r4
6B;m`2 RXkX,  }Hi`iBQM rBi? i?2 7Qm` iQTQHQ;B+H bT+2b X1- X2- X3- M/ X4X 1+?
iQTQHQ;B+H bT+2 Xi Bb +QMbi`m+i2/ #v 2tTM/BM; i?2 TQBMi +HQm/ P rBi?
/BbFb Q7 `/Bmb riX i p2`v bKHH `/Bmb r1- i?2 ?QKQHQ;v Q7 X1 Bb bK2 b P -
BM T`iB+mH`- MQ ?QH2b 2tBbiX i `/Bmb r2- i?`22 ?QH2b TT2`c QM2 Q7 i?2K
Bb Km+? H`;2` i?M i?2 Qi?2`bX i `/Bmb r3- i?2 irQ bKHH ?QH2b /BbTT2`-
#mi i?2 H`;2 QM2 biBHH 2tBbibX 6BMHHv i `/Bmb r4- i?2 H`;2` ?QH2 /BbTT2`b
b r2HHX
/2}M2/ b
Xi :=
⋃
p∈P
B(p; ri)
7Q` HH i- r?2`2 B(p; ri) Bb  /BbF Q7 +2Mi2` p M/ `/Bmb riX
h?2 1@/BK2MbBQMH ?QKQHQ;v ;`QmTb H1(Xi) +M 2ti`+i ?QH2b BM i?2 TQBMi +HQm/X
RX h?`22 ?QH2b TT2` BM iQiHX
kX hrQ bKHH ?QH2b `2 #Q`M i r2 M/ /B2 i r3X
jX PM2 H`;2 ?QH2 Bb #Q`M i r2- biBHH bm`pBp2b i r3- M/ /B2b i r4X
h?2 `Q#mbiM2bb Q7 i?2 ?QH2b +M #2 2tT`2bb2/ #v ǳHB72iBK2bǴ r3−r2 M/ r4−r2 `2bT2+iBp2Hv-
M/ bBM+2 i?2 Hii2` Bb Km+? ;`2i2` i?M i?2 7Q`K2`- r2 +M bii2 i?i i?2 Hii2` UH`;2`V
?QH2 Bb KQ`2 `Q#mbi i?M i?2 bKHH2` ?QH2b r?B+? Kv Dmbi #2  T`Q/m+i Q7 MQBb2X
AM Q`/2` iQ 7Q`KHBx2 i?2 #Qp2 Q#b2`piBQM- r2 +QMbB/2` i?2 b2[m2M+2 Q7 KTb #2ir22M
?QKQHQ;v ;`QmTb
H1(X1)→ H1(X2)→ H1(X3)→ H1(X4),
r?2`2 i?2 KTb `2 BM/m+2/ #v BM+HmbBQMbX am+?  UQM2@rvV b2[m2M+2 Q7 KTb #2ir22M
?QKQHQ;v ;`QmTb
HX1 → HX2 → · · ·→ HXn, URXRV
r?2`2 H := H(−;K) Bb  ?QKQHQ;v 7mM+iQ` rBi? +Q2{+B2Mi }2H/ K- Bb +HH2/  T2`bBbi2Mi
?QKQHQ;v ;`QmTX
hQ /2H rBi?  T2`bBbi2Mi ?QKQHQ;v ;`QmT M/ 2ti`+i Bib ;2M2`iQ`b- r2 M22/ bQK2
H;2#`B+ 7`K2rQ`FX h?2 2`HB2bi bm+? rQ`F rb i?2 TT2` (k3)- BM r?B+? i?2 mi?Q`b
7Q`KHBx2/  T2`bBbi2Mi ?QKQHQ;v ;`QmT b  KQ/mH2 Qp2`  ;`/2/ `BM; M/ /2+QKTQb2/
k
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
Bi BMiQ BM/2+QKTQb#H2 bm#KQ/mH2bX "v i?2 /2+QKTQbBiBQM i?2Q`2K (k3- *Q`QHH`v jXR)-
Bi 7QHHQrb i?i 2+? BM/2+QKTQb#H2 bm#KQ/mH2 Bb mMB[m2Hv 2tT`2bb2/ #v  TB` Q7 #B`i?
M/ /2i? pHm2bX
h?2 bm#b2[m2Mi BKTQ`iMi rQ`F Bb i?2 TT2` (8)- r?B+? BMi`Q/m+2/ `2T`2b2MiiBQM
i?2Q`v Q7 [mBp2`b 7Q` i?2 7Q`KHBxiBQM Q7 T2`bBbi2Mi ?QKQHQ;v- M/ i?Bb Bb i?2 KBM
7`K2rQ`F Q7 i?Bb i?2bBbX  [mBp2` Bb  /B`2+i2/ ;`T?- M/ Bib `2T`2b2MiiBQM Bb  /B;`K
Q7 i?2 b?T2 Q7 i?2 [mBp2`- +QKTQb2/ Q7 p2+iQ` bT+2b M/ HBM2` KTbX AM T`iB+mH`-
i?2 T2`bBbi2Mi ?QKQHQ;v ;`QmT URXRV Bb  `2T`2b2MiiBQM Q7 i?2 QM2@rv [mBp2`
1◦ 2◦ · · · n◦.
h?Bb #bi`+iBQM +M Mim`HHv ;2M2`HBx2 T2`bBbi2Mi ?QKQHQ;v 7Q`  H`;2 b2H2+iBQM Q7
mM/2`HvBM; [mBp2`b- b 2tTHBM2/ BM i?2 7QHHQrBM;X am+? ;2M2`HBx2/ T2`bBbi2Mi ?QKQHQ;v
;`QmTb `2 +HH2/ T2`bBbi2M+2 KQ/mH2bX
h?Bb i?2bBb T`2b2Mib `2bmHib 7Q` irQ iQTB+bX h?2 7QHHQrBM; b2+iBQMb bii2 i?2 `2bmHib
Q7 2`HB2` `2b2`+?- b r2HH b Qm` +QMi`B#miBQMb iQ 2+? iQTB+X Pm` ;mB/BM; [m2biBQM
i?`Qm;?Qmi Bb ǳ>Qr +M r2 +Tim`2 Mv iQTQHQ;B+H BMp`BMi BM  /27Q`KiBQM Q7  TQBMi
+HQm/\ǴX h?2 mi?Q` 7+2/ i?Bb [m2biBQM BM iQTQHQ;B+H MHvbBb Q7 ;`MmH` Ki2`BHb (ke)
b /2KQMbi`i2/ BM TT2M/Bt X
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
G2i mb +QMbB/2` i?2 irQ bBKBH` TQBMi +HQm/b P M/ P ′ BM 6B;m`2 RXjX PM2 +M `2;`/
P : P ′ :
6B;m`2 RXjX, hrQ TQBMi +HQm/b P M/ P ′X h?2b2 `2 HKQbi i?2 bK2- #mi i?2 /Bz2`2M+2
2tBbib BM i?2 mTT2` `B;?i T`iX
i?2b2 b  /27Q`KiBQM 7`QK P iQ P ′X
wB;x; T2`bBbi2M+2 KQ/mH2b (8) 2M#H2 mb iQ HQQF BMiQ iQTQHQ;B+H bBKBH`Biv BM i?2b2
TQBMi +HQm/bX 6BtBM;  `/Bmb r2 b /2}M2/ BM 6B;m`2 RXk- iQTQHQ;B+H bT+2b X2 :=⋃
p∈P B(p; r2) M/ Y2 :=
⋃
p∈P ′ B(p; r2) `2 Q#iBM2/ Ub22 6B;m`2 RX9VX
Hi?Qm;? i?2b2 iQTQHQ;B+H bT+2b Mim`HHv 7Q`K MQ }Hi`iBQM- i?2B` mMBQM +M #2 mb2/
iQ 7Q`K i?2 /B;`K
X2 X2 ∪ Y2 Y2.⊂ ⊃
j
*?Ti2` RX AMi`Q/m+iBQM
X2 : Y2 :
6B;m`2 RX9X, hQTQHQ;B+H bT+2b X2 M/ Y2 `2 mMBQMb Q7 /BbFbX h?2b2 `2 ;2M2`i2/ 7`QK
i?2 TQBMi +HQm/b P M/ P ′ M/ i?2 }t2/ `/Bmb r2X
X2 ∪ Y2 :
6B;m`2 RX8X, h?2 mMBQM bT+2 X2 ∪ Y2X h?2 bT+2 X2 Bb bmT2`BKTQb2/ QM Y2X PM2 H`;2
?QH2 M/ i?`22 iBMv ?QH2b `2 Q#b2`p2/X
h?2 ?QKQHQ;v 7mM+iQ` BM/m+2b i?2 `2T`2b2MiiBQM
H1(X2) H1(X2 ∪ Y2) H1(Y2),
r?B+? Bb M 2tKTH2 Q7  xB;x; T2`bBbi2M+2 KQ/mH2X AM i?2 HM;m;2 Q7 `2T`2b2MiiBQM
i?2Q`v Q7 [mBp2`b- i?Bb `2T`2b2MiiBQM Bb /2+QKTQb2/ BMiQ #B`i?@/2i? TB`b- i?i Bb- Bi Bb
BbQKQ`T?B+ iQ i?2 /B`2+i bmK Q7 `2T`2b2MiiBQMb ⊕4i=1 Ii r?2`2 i?2 BM/2+QKTQb#H2b Ii
`2 Q7 i?2 7Q`Kb
I1 : K K K
idK idK
I2 : K K K
idK idK
I3 : K K 0,
idK M/
I4 : 0 K K.
idK
URXkV
am+?  `2T`2b2MiiBQM Ii Bb +HH2/ M BMi2`pH `2T`2b2MiiBQMX h#H2 RXR b?Qrb i?2 +Q``2@
bTQM/2M+2 #2ir22M i?2 #b2b Q7 i?2 p2+iQ` bT+2b M/ i?2 ?QH2b BM i?2 bT+2bX AM 2bb2M+2-
b?`2/ iQTQHQ;B+H bi`m+im`2b `2 ;Bp2M #v i?2 ?QH2b +Q``2bTQM/BM; iQ I1 M/ I2- MQi I3
MQ` I4X
>Qr2p2`- b T`2b2Mi2/ #27Q`2 i?Bb b2+iBQM- i?2 `Q#mbiM2bb Q7 i?2 ?QH2b `2 /Bz2`2MiX AM
T`iB+mH`- I1 M/ I2 `2 2[mBpH2Mi BM bTBi2 Q7 i?2B` /Bz2`2Mi `Q#mbiM2bbX hQ /BbiBM;mBb?
9
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
X2 X2 ∪ Y2 Y2
I1 i?2 H`;2 ?QH2 i?2 H`;2 ?QH2 i?2 H`;2 ?QH2
I2 i?2 mTT2` H27i iBMv ?QH2 i?2 mTT2` H27i iBMv ?QH2 i?2 mTT2` H27i iBMv ?QH2
I3 i?2 mTT2` `B;?i iBMv ?QH2 i?2 mTT2` `B;?i iBMv ?QH2
I4 i?2 BMbB/2 iBMv ?QH2 i?2 BMbB/2 iBMv ?QH2
h#H2 RXRX, *Q``2bTQM/2M+2b #2ir22M BMi2`pH `2T`2b2MiiBQMb M/ ?QH2b BM i?2 iQTQHQ;B@
+H bT+2bX
i?2K- r2 BMi`Q/m+2 MQi?2` `/Bmb r3 BM 6B;m`2 RXk- M/ +QMbi`m+i iQTQHQ;B+H bT+2b
X3 :=
⋃
p∈P B(p; r3)- Y3 :=
⋃
p∈P ′ B(p; r3)- b r2HH b i?2B` mMBQM Ub22 6B;m`2 RXeVX
X3 : X3∪Y3 : Y3 :
6B;m`2 RXeX, h?`22 iQTQHQ;B+H bT+2b X3- Y3- M/ i?2B` mMBQMX X3 M/ Y3 `2 ;2M2`i2/
7`QK i?2 TQBMi +HQm/b P M/ P ′ M/ i?2 }t2/ `/Bmb r3X
AM i?Bb +b2- i?2 BM/m+2/ `2T`2b2MiiBQM Bb
H1(X3) H1(X3 ∪ Y3) H1(Y3),
r?B+? Bb BbQKQ`T?B+ iQ I1X hQ bim/v i?2 `2T`2b2MiiBQM i r3 M/ i?i i r2 bBKmHiM2@
QmbHv- H2i mb +QMbB/2` i?2 7QHHQrBM; `2T`2b2MiiBQM Q7  KQ`2 +QKTHB+i2/ [mBp2`X
H1(X3) H1(X3 ∪ Y3) H1(Y3)
H1(X2) H1(X2 ∪ Y2) H1(Y2)
URXjV
1p2`v KQ`T?BbK Bb BM/m+2/ #v  +MQMB+H BM+HmbBQMX h?Bb `2T`2b2MiiBQM Bb /2+QKTQb2/
BMiQ
J1 :
K K K
K K K
idK idK
idK
idK idK
idK
idK - J2 :
0 0 0
K K K
idK idK
-
J3 :
0 0 0
K K 0
idK
- M/ J4 :
0 0 0
0 K K
idK
.
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*?Ti2` RX AMi`Q/m+iBQM
6Q` i = 1- 2- 3- M/ 4- Ji `2bT2+iBp2Hv +Q``2bTQM/b iQ Ii BM URXkVX LQr `Q#mbiM2bb Q7 i?2
;2M2`iQ`b Bb 2tT`2bb2/ BM i?2 p2`iB+H /B`2+iBQMX *QMb2[m2MiHv- i?2 `Q#mbiM2bb HHQrb mb
iQ /BbiBM;mBb? ;2M2`iQ`b +Q``2bTQM/BM; iQ J1 M/ J2X
AM ;2M2`H-  `2T`2b2MiiBQM Q7 i?2 b?T2 Q7 i?2 /B;`K URXjV Bb +HH2/  T2`bBbi2M+2
KQ/mH2 QM i?2 +QKKmiiBp2 H//2` CL(fb)X h?2 /B`2+i bmKKM/b BbQKQ`T?B+ iQ J1 ;Bp2
`Q#mbi ?QKQHQ;v ;2M2`iQ`b +QKKQM BM irQ TQBMi +HQm/bX
h?2 TT2` (Re) BMi`Q/m+2/ bm+?  T2`bT2+iBp2- T`2b2Mi2/  ;2M2`H /2}MBiBQM Q7 +QK@
KmiiBp2 H//2`b CL(τn)- M/ ;p2  }MBi2M2bb i?2Q`2K Ub22 .2}MBiBQM kXkXj M/ h?2@
Q`2K kXkX9VX JQ`2Qp2`- i?2 TT2` T`QpB/2/  /2+QKTQbBiBQM H;Q`Bi?K 7Q` T2`bBbi2M+2
KQ/mH2b QM CL(fb) #mi MQi?BM; 2Hb2X
*QMi`B#miBQMb
AM *?Ti2` j- r2 T`QpB/2  M2r 7`K2rQ`F mbBM; ``Qr +i2;Q`B2b 7Q` /2+QKTQbBiBQMb Q7
T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b CL(τn) Q7 }MBi2 ivT2 n ≤ 4X
h?2Q`2K jXRXR `2/2}M2b 2p2`v T2`bBbi2M+2 KQ/mH2 b  ?QKQKQ`T?BbK #2ir22M `2T`2@
b2MiiBQMb Q7 M An ivT2 [mBp2`X h?MFb iQ i?Bb B/2MiB}+iBQM M/ G2KK jXRXj +QM+2`M@
BM; /BK2MbBQM T`QT2`iB2b Q7 i?2 ?QKQKQ`T?BbK bT+2b- 2+? ?QKQKQ`T?BbK Bb +QMp2`i2/
iQ  Ki`Bt- b T`2b2Mi2/ BM .2}MBiBQM jXRX8X b rBi? i?2 /2+QKTQbBiBQMb BM i?2 +i2;Q`v
Q7 `2T`2b2MiiBQMb- i?2 Ki`Bt Bb /2+QKTQb2/ BMiQ BM/2+QKTQb#H2b mbBM; BbQKQ`T?BbKb
BM i?2 ``Qr +i2;Q`v- iQ r?B+? i?2 Ki`Bt #2HQM;bX h?2 BbQKQ`T?BbKb BM i?2 ``Qr
+i2;Q`v +M HbQ #2 r`Bii2M BM Ki`Bt 7Q`KX b BM HBM2` H;2#` i?2Q`v- i?2 i`Mb7Q`@
KiBQM #v M BbQKQ`T?BbK Bb T2`7Q`K2/ #v  +QK#BMiBQM Q7 2H2K2Mi`v `Qr M/ +QHmKM
QT2`iBQMb Q7 i?2 Ki`BtX >Qr2p2`- MQi HH Q7 i?2 2H2K2Mi`v QT2`iBQMb `2 T2`KBbbB#H2X
q2 `2K`F QM i?Bb TQBMi BM am#b2+iBQM jXRXjX
h?2 /2+QKTQbBiBQM H;Q`Bi?K Q7 i?2 Ki`Bt Bb ;Bp2M BM H;Q`Bi?K RX h?Bb H;Q`Bi?K Bb
T`2b2Mi2/ BM i?2 7Q`K Q7  bQHp2` bQ7ir`2X h?2 BMTmi T`Q#H2K Bb  Ki`Bt iQ;2i?2` rBi?
T2`KBbbB#H2 QT2`iBQMb- M/ i?2 bQHp2/ QmiTmi Bb Bib /2+QKTQb2/ 7Q`KX h?2Q`2K jXkXj
bii2b i?i- B7 i?2 BMTmi Ki`Bt M/ T2`KBbbB#H2 QT2`iBQMb `2 +QMbi`m+i2/ 7`QK  T2`bBb@
i2M+2 KQ/mH2 QM  +QKKmiiBp2 H//2` Q7 }MBi2 ivT2- i?2M i?2 H;Q`Bi?K i2`KBMi2b BM
}MBi2 bi2Tb M/ i?2 bm#Ki`B+2b BM i?2 QmiTmi Ki`Bt +Q``2bTQM/ iQ i?2 BM/2+QKTQb#H2
/B`2+i bmKKM/b Q7 i?2 T2`bBbi2M+2 KQ/mH2X h?Bb H;Q`Bi?K Bb BM/2T2M/2Mi Q7 i?2 Q`B@
2MiiBQM τn Q7 i?2 +QKKmiiBp2 H//2`X AM Qi?2` rQ`/b- i?Bb Bb  mMB}2/ /2+QKTQbBiBQM
H;Q`Bi?K- ?2M+2 i?Bb TQBMi Bb i?2 KBM /pMi;2 ;BMbi i?i Q7 i?2 2`HB2` bim/v (Re)X
RXkX hQTQHQ;v Q7 aKTH2/ JTb
;BM H2i mb +QMbB/2` i?2 TQBMi +HQm/b P M/ P ′ BM 6B;m`2 RXjX AM i?Bb b2+iBQM- r2 i`2i
i?2b2 b  /27Q`KiBQM 7`QK P iQ P ′X amTTQb2 i?2 bBimiBQM i?i 2p2`v TQBMi BM i?2 TQBMi
+HQm/ Bb H#2H2/ M/ i`+F2/ /m`BM; i?2 /27Q`KiBQMX AM i?Bb +b2- i?2 /27Q`KiBQM Bb
7Q`KHBx2/ b  KT fP : P → P ′X
q?BH2 r2 ?p2 bim/B2/ i?2 iQTQHQ;v Q7 TQBMi +HQm/b P Q` P ′- ?Qr #Qmi i?i Q7 fP \
q2 #2HQr BMi`Q/m+2 i?2 i?2Q`v Q7 ?QKQHQ;v BM/m+2/ KTb Q7 +Q``2bTQM/2M+2b (kR)- r?B+?
e
RXkX hQTQHQ;v Q7 aKTH2/ JTb
Bb `2H2pMi iQ i?Bb T`Q#H2KX
*QMbB/2` i?2 7QHHQrBM; T`Q#H2KX
S`Q#H2K RXkXRX G2i X M/ Y #2 iQTQHQ;B+H bT+2b- M/ f : X → Y #2  +QMiBMmQmb
KTX A7 r2 FMQr QMHv X- Y - M/ bKTHBM; /i f!S- r?B+? Bb  `2bi`B+iBQM Q7 f QM 
}MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v BM/m+2/
KT f∗ : HX → HY \
h`MbHiBM; i?Bb T`Q#H2K iQ Qm` HM;m;2- i?2 bKTH2 S Bb P - M/ r2 bbmK2 i?2
2tBbi2M+2 Q7 mM/2`HvBM; iQTQHQ;B+H bT+2b X- Y - M/  +QMiBMmQmb KT f X lM/2` i?2b2
bbmKTiBQMb- i?2 BK Bb iQ 2ti`+i BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v BM/m+2/ KT f∗ QMHv
7`QK i?2 KT #2ir22M TQBMi +HQm/b fP : P → P ′X
h?2 KT f!S Bb +HH2/  bKTH2/ KT Q7 f X h?2 TT2` (kR) bm;;2bib i?2 7QHHQrBM;
iQTQHQ;B+H MHvbBb 7Q` i?2 bKTH2/ KTX  ;`B/ X Q7 X Bb  }MBi2 +QHH2+iBQM Q7 bm#b2ib
Q7 X rBi? /BbDQBMi BMi2`BQ`b bm+? i?i ⋃X := ⋃X′∈X X ′ = XX 6B`bi- r2 /BpB/2 i?2
iQTQHQ;B+H bT+2b X M/ Y BMiQ ;`B/b X M/ Y - M/ H2i F #2 i?2 mMBQM Q7 `2;BQMb r?B+?
?p2 2H2K2Mib Q7 i?2 bKTH2 Gr(f!S) := { (s, f(s)) | s ∈ S }X h?i Bb-
F := { (x, y) ∈ X × Y | x ∈ ∃X ′ ∈ X , y ∈ ∃Y ′ ∈ Y , (X ′ × Y ′) ∩Gr(f!S) ̸= ∅ } ,
i?2 Tm`TH2 `2;BQMb BM 6B;m`2 RX3X h?mb- r2 +M +QMbi`m+i M TT`QtBKiBQM Q7 i?2 ;`T?
Gr(f) 7`QK i?2 bKTH2/ KT #v i?Bb bm#bT+2- r?B+? Bb +HH2/  +Q``2bTQM/2M+2X
X
Y Gr(f )
{ (s, f (s)) | s 2 S }
6B;m`2 RXdX, h?2 ;`T? Gr(f) Q7 f M/
i?2 ;`T? Q7 i?2 bKTH2/
KTX
X
Y
6B;m`2 RX3X, "Qi? bT+2b `2 /BpB/2/
BMiQ ;`B/b M/ ;2i  +Q`@
`2bTQM/2M+2 F - r?B+?
TT`QtBKi2b i?2 ;`T?
Gr(f)X
.2}MBiBQM RXkXkX  +Q``2bTQM/2M+2 F 7`QK X iQ Y Bb  bm#bT+2 Q7 X × Y X
.2}MBiBQM RXkXjX 6Q`  +Q``2bTQM/2M+2 F -  ?QKQHQ;v 7mM+iQ` H BM/m+2b  /B;`K
HX
p∗← HF q∗→ HY 7`QK  /B;`K X p← F q→ Y - r?Qb2 p M/ q `2 i?2 +MQMB+H
T`QD2+iBQMb Q7 X × Y X A7 p∗ M/ q∗ biBb7v i?2 irQ T`QT2`iB2b
d
*?Ti2` RX AMi`Q/m+iBQM
Ç Im p∗ = HX U?QKQHQ;B+HHv +QKTH2i2V
Ç q∗(Ker p∗) = 0 U?QKQHQ;B+HHv +QMbBbi2MiV-
i?2M i?2 BM/m+2/ KT Q7 F /2}M2/ b F∗ := q∗ ◦ p−1∗ : HX → HY Bb r2HH@/2}M2/X
h?2 ;`T? Gr(f) Q7 f Bb  +Q``2bTQM/2M+2- ?2M+2 Gr(f)∗ Bb /2}M2/X q2 `2K`F i?i
i?Bb BM/m+2/ KT +QBM+B/2b rBi? f∗X "v i?2 7QHHQrBM; irQ KBM i?2Q`2Kb BM (kR)- Bi Bb
;m`Mi22/ i?i F∗ `2biQ`2b f∗ r?2M i?2 ;`B/ Bb }M2 M/ i?2 bKTH2 Bb bm{+B2MiHv /2Mb2X
h?2Q`2K RXkX9 U(kR- h?2Q`2K jXRy)VX A7  +Q``2bTQM/2M+2 F biBb}2b Gr(f) ⊂ F M/
Bb ?QKQHQ;B+HHv +QMbBbi2Mi- i?2M F∗ Bb r2HH@/2}M2/ M/ f∗ = F∗X
h?2Q`2K RXkX8 U(kR- h?2Q`2K 9Xe)VX A7  +Q``2bTQM/2M+2 F Bb ?QKQHQ;B+HHv +QMbBbi2Mi-
 +Q``2bTQM/2M+2 G Bb ?QKQHQ;B+HHv +QKTH2i2- M/ G ⊂ F - i?2M F∗ M/ G∗ `2 r2HH@
/2}M2/ M/ G∗ = F∗X
*QMi`B#miBQMb
AM a2+iBQM 9XR- r2 rBHH `2/2}M2 BM/m+2/ KTb Q7 +Q``2bTQM/2M+2b rBi?BM i?2 7`K2rQ`F
Q7 [mBp2` `2T`2b2MiiBQMbX h?2 BM/2+QKTQb#H2 /2+QKTQbBiBQMb Q7 [mBp2` `2T`2b2MiiBQMb
(HX
p∗← HF q∗→ HY ) ∼=
⊕
1≤b≤d≤3
I[b, d]mb,d ,
M/ `2bi`B+iBQM iQ i?2 KQbi T2`bBbi2Mi BMi2`pHb I[1, 3]- ;Bp2 mb M bbB;MK2Mi KQM; i?2
#b2b Q7 HX- HF - M/ HY - r?B+? /2}M2b i?2 BM/m+2/ KT 7`QK HX iQ HY X b
T`2b2Mi2/ BM h?2Q`2K 9XRXR- i?2 /2}MBiBQM Bb M 2ti2MbBQM Q7 i?2 T`2pBQmb /2}MBiBQM- M/
i?2 b2imT T`QpB/2b KQ`2 +QM+Bb2 T`QQ7b Q7 h?2Q`2Kb RXkX9 M/ RXkX8X
AM a2+iBQM 9Xk- r2 T`QpB/2 T2`bBbi2Mi ?QKQHQ;v Q7 bKTH2/ KTbX AM i?Bb bim/v- r2
+QMbB/2`  bHB;?iHv /Bz2`2Mi T`Q#H2KX
S`Q#H2K RXkXeX G2i f : X → Y #2  +QMiBMmQmb KT 7Q` X, Y ⊂ RnX A7 X- Y - M/ f
`2 mMFMQrM- M/ r2 FMQr QMHv  bKTH2/ KT f!S : S → f(S) r?B+? Bb  `2bi`B+iBQM Q7
f QM  }MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v
BM/m+2/ KT f∗ : HX → HY \
h?Bb T`Q#H2K rb bim/B2/ #v i?2 TT2` (R9)- r?B+? T`2b2Mib  K2i?Q/ +QMbi`m+iBM; 
}Hi`iBQM Q7 bBKTHB+BH KTb 7`QK i?2 bKTH2/ KTX >2`2 r2 +QMbi`m+i  bBKBH` }Hi`iBQM
3
RXkX hQTQHQ;v Q7 aKTH2/ JTb
Q7 i?2 bKTH2/ KT f!S-
XXX XXX XXX
κi+1 : Ci+1 domκi+1 Di+1
κi : Ci domκi Di
XXX XXX XXX
ιi+1 κ
′
i+1
ιi κ
′
i
,
r?2`2 2+? TB` Q7 bBKTHB+BH KTb Ci domκi Diιi κ
′
i Bb b22M b  }Hi2` Q7 i?2
}Hi`iBQM- r?B+? +Tim`2b iQTQHQ;B+H T2`bBbi2M+2 Q7 i?2 Q`B;BMH KT f X lbBM; i?2 ?Q@
KQHQ;v 7mM+iQ`- i?Bb }Hi`iBQM Q7 i?2 bKTH2/ KT BM/m+2b i?2 `2T`2b2MiiBQM T`2b2Mi2/
b i?2 /B;`K U9XkVX .2+QKTQbBiBQM M/ `2bi`B+iBQM iQ I[1, 3] 7Q` HH }Hi2`b /2}M2  T2`@
bBbi2Mi ?QKQHQ;v Q7 i?2 bKTH2/ KTX h?2 r2HH@/2}M2/M2bb Bb MQi i`BpBH #mi ;m`Mi22/
#v h?2Q`2K 9XkXjX
h?2 KBM i?2Q`2K Q7 i?Bb bim/v Bb  bi#BHBiv i?2Q`2K 7Q` i?Bb T`Q+2bb- h?2Q`2K 9XjX9
BM a2+iBQM 9Xj- r?B+? bii2b i?i i?Bb KTTBM; 7`QK BMTmi UbKTH2/ KTbV iQ QmiTmi
UT2`bBbi2Mi ?QKQHQ;v ;`QmTbV Bb  R@GBTb+?Bix KTX JQ`2Qp2`- BM am#b2+iBQM 9X9XR- r2
TTHv i?Bb T2`bBbi2M+2 MHvbBb iQ i?2 #Qp2 ;`B//2/ b2iiBM;- r?B+? ?b  bBKBH` bi#BHBiv
i?2Q`2K Uh?2Q`2K 9X9XRV b r2HHX
6BMHHv- r2 TT`Q+? k@. T2`bBbi2M+2 KQ/mH2b BM am#b2+iBQM 9X9Xk mbBM; i?2 #Qp2
B/2b- M/ b?Qr bQK2 MmK2`B+H `2bmHib BM a2+iBQM 9X8X
6mM/BM; +FMQrH2/;2K2Mib
h?2b2 rQ`Fb r2`2 bmTTQ`i2/ #v CaSa EE1L>A :`Mi LmK#2` ReCyjRj3 M/ Cah
*_1ah Ji?2KiB+b R8e8e9kNX
N
*?Ti2` kX
S`2HBKBM`B2b
h?Bb +?Ti2` +QHH2+ib Ki?2KiB+H MQiBQMb r?B+? r2 rBHH mb2 Hi2`X h?`Qm;?Qmi i?Bb
i?2bBb- b+H`b Q7 p2+iQ` bT+2b M/ +Q2{+B2Mi `BM;b Q7 ?QKQHQ;v ;`QmTb `2  }t2/ }2H/
KX >2M+2- 2p2`v ?QKQHQ;v ;`QmT Bb  p2+iQ` bT+2X JQ`2Qp2`- r2 bbmK2 i?i 2p2`v
p2+iQ` bT+2 Bb }MBi2 /BK2MbBQMHX
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b
kXRXRX ZmBp2`b M/ _2T`2b2MiiBQMb
 [mBp2` Q = (Q0, Q1, s, t) UQ` bBKTHv (Q0, Q1)V Bb  /B`2+i2/ ;`T? rBi?  b2i Q7 p2`iB+2b
Q0-  b2i Q7 ``Qrb Q1- M/ KQ`T?BbKb s, t : Q1 → Q0 B/2MiB7vBM; i?2 bQm`+2 M/ i?2
i`;2i p2`i2t Q7 M ``QrX M ``Qr α ∈ Q1 Bb /2MQi2/ #v α : s(α) → t(α)X AM i?Bb
i?2bBb- r2 bbmK2 i?i Q0 M/ Q1 `2 }MBi2 b2ibX
 `2T`2b2MiiBQM Q7  [mBp2` Q- /2MQi2/ #vM = (Ma,ϕα)a∈Q0,α∈Q1 UQ` bBKTHv (Ma,ϕα)
Q` (M,ϕ)V- Bb  +QHH2+iBQM Q7  p2+iQ` bT+2 Ma 7Q` 2+? p2`i2t a ∈ Q0 M/  HBM2` KT
ϕα : Ma →Mb 7Q` 2+? ``Qr α : a→ b ∈ Q1X
.2}MBiBQM kXRXRX h?2 `2T`2b2MiiBQM +i2;Q`v rep(Q) Q7  [mBp2` Q Bb i?2 7QHHQrBM;
+i2;Q`vX
P#D2+ib HH `2T`2b2MiiBQMb Q7 QX
JQ`T?BbKb  KQ`T?BbK 7`QK  `2T`2b2MiiBQM M = (Ma,ϕα) iQ  `2T`2b2MiiBQM N =
(Na,ψα) Bb /2}M2/ #v
f := { fa : Ma → Na | a ∈ Q0 } : M → N
rBi? +QKKmiiBpBiv
∀α : a→ b ∈ Q1,
Na Nb
Ma Mb
ψα
ϕα
fa fb . UkXRV
*QKTQbBiBQM h?2 +QKTQbBiBQM Q7 KQ`T?BbKb f = { fa } : M → N M/ g = { ga } : N →
L Bb gf = { gafa } : M → LX
Ry
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b
h?2 x2`Q `2T`2b2MiiBQM Bb i?2 `2T`2b2MiiBQM rBi? i?2 x2`Q p2+iQ` bT+2 7Q` 2+?
p2`i2t M/ i?2 x2`Q KQ`T?BbK 7Q` 2+? ``QrX h?2 /B`2+i bmK M ⊕N Q7 `2T`2b2MiiBQMb
M = (Ma,ϕα) M/ N = (Na,ψα) Q7 Q Bb i?2 `2T`2b2MiiBQM rBi? i?2 p2+iQ` bT+2
Ma ⊕Na 7Q` 2+? p2`i2t a ∈ Q0 M/ i?2 HBM2` KT ϕα ⊕ ψα : Ma ⊕Na → Mb ⊕Nb 7Q`
2+? ``Qr α : a→ b ∈ Q1X
 MQMx2`Q `2T`2b2MiiBQM M Bb bB/ iQ #2 BM/2+QKTQb#H2- B7 M1 Q` M2 Bb i?2 x2`Q
`2T`2b2MiiBQM 7Q` Mv /2+QKTQbBiBQM M ∼= M1 ⊕M2X Ai Bb FMQrM i?i 2p2`v `2T`2b2M@
iiBQM +M #2 mMB[m2Hv /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BM/2+QKTQb#H2b- mMB[m2 mT
iQ BbQKQ`T?BbK M/ T2`KmiiBQMbX  [mBp2` Bb Q7 }MBi2 ivT2 B7 i?2 MmK#2` Q7 /BbiBM+i
BbQKQ`T?BbK +Hbb2b Q7 BM/2+QKTQb#H2b Bb }MBi2- M/ Bb Q7 BM}MBi2 ivT2 Qi?2`rBb2X
q2 mb2 i?2 mbHM/2`Ĝ_2Bi2M [mBp2` Γ = (Γ0,Γ1) UQ` ##`2pBiBM; _ [mBp2`V iQ HBbi
i?2 BM/2+QKTQb#H2b Q7  [mBp2`- /2}M2/ b 7QHHQrbX Γ0 Bb  b2i Q7 BbQKQ`T?BbK +Hbb2b
Q7 BM/2+QKTQb#H2b- M/ M ``Qr [M ] → [N ] ∈ Γ1 2tBbib B7 M/ QMHv B7 M B``2/m+B#H2
KQ`T?BbK R f : M → N 2tBbibX
G2i τn = τ 1nτ 2n · · · τn−1n #2  b2[m2M+2 Q7 n− 1 bvK#QHb f M/ b- MK2Hv- 2Bi?2` τ in = f
Q` τ in = bX M An(τn) ivT2 [mBp2` UQ` bBKTHv M An ivT2 [mBp2`V Bb  [mBp2` rBi? i?2
7QHHQrBM; b?T2,
An(τn) :
1◦ 2◦ · · · n◦
r?2`2 i?2 i@i?←→ Bb  7Q`r`/ ``Qr −→ B7 τ in = f - Q`  #+Fr`/ ``Qr←− B7 τ in = bX
τn Bb +HH2/ i?2 Q`B2MiiBQM Q7 i?2 An ivT2 [mBp2`X :#`B2HǶb i?2Q`2K (R3) b?Qrb i?i 2p2`v
BM/2+QKTQb#H2 An ivT2 `2T`2b2MiiBQM Bb BbQKQ`T?B+ iQ M BMi2`pH U`2T`2b2MiiBQMV
I[b, d] : 0←→ · · ·←→ 0←→ b@i?K idK←→ K idK←→ · · · idK←→ d@i?K ←→ 0←→ · · ·←→ 0.
>2M+2- 2p2`v An ivT2 `2T`2b2MiiBQM M +M #2 mMB[m2Hv /2+QKTQb2/ BMiQ  /B`2+i bmK
Q7 BMi2`pHb
M ∼=
⊕
1≤b≤d≤n
I[b, d]mb,d (mb,d ∈ Z≥0, KmHiBTHB+Biv). UkXkV
q2 `2K`F i?i i?2 bK2 bvK#QHb I[b, d] `2 mb2/ 7Q` i?2 BMi2`pHb Q7 2p2`v An(τn)X
kXRXkX "QmM/ ZmBp2`b
h?2 #Qp2 /2}MBiBQM Q7 `2T`2b2MiiBQMb Q7 [mBp2`b Bb bm{+B2Mi iQ /2H rBi? T2`bBbi2Mi
?QKQHQ;v /2}M2/ Hi2`- #mi BM bQK2 +b2b HBF2 Qm` rQ`F- Bi +M #2 mb27mH iQ `2bi`B+i i?2
+Hbb Q7 `2T`2b2MiiBQMbX h?2 +QM+2Ti Q7 #QmM/ [mBp2`b /2b+`B#2/ #2HQr T`QpB/2b bm+? 
mb27mH 7`K2rQ`F 7Q` mbX
 Ti? (a|α1α2 · · ·αℓ|b) 7`QK  bQm`+2 a ∈ Q0 iQ  i`;2i b ∈ Q0 Bb  b2`B2b Q7 ``Qrb
α1, . . . ,αℓ biBb7vBM; s(α1) = a- t(αℓ) = b- M/ t(αi) = s(αi+1) 7Q` HH i ∈ { 1, . . . , ℓ− 1 }X
h?2 MmK#2` ℓ Bb +HH2/ Bib H2M;i?X Si?b Q7 H2M;i? y `2 HHQr2/ M/ `2 /2MQi2/ #v
R KQ`T?BbK f : M → N Bb B``2/m+B#H2 B7 M/ QMHv B7 f Bb M2Bi?2`  b2+iBQM MQ`  `2i`+iBQM- M/ 2p2`v
/2+QKTQbBiBQM f = f1f2 BKTHB2b f1 Bb  `2i`+iBQM Q` f2 Bb  b2+iBQMX
RR
*?Ti2` kX S`2HBKBM`B2b
ea = (a||a)X h?2 Ti? H;2#` KQ Q7  [mBp2` Q Bb  K@p2+iQ` bT+2 7`22Hv ;2M2`i2/ #v
HH Ti?b- rBi? KmHiBTHB+iBQM bi`m+im`2 ;Bp2M b
(a|α1 · · ·αℓ|b)(c|β1 · · · βm|d) =
{
(a|α1 · · ·αℓβ1 · · · βm|d) (b = c),
0 (Qi?2`rBb2).
M 2H2K2Mi ρ = Σmi=1λiwi ∈ KQ r?2`2 λi ∈ K M/ HH wi ?p2 i?2 bK2 bQm`+2 M/
i`;2i Bb +HH2/  `2HiBQM Q7 QX  #QmM/ [mBp2` (Q,P ) Bb  TB` +QMbBbiBM; Q7  [mBp2` Q
M/  b2i Q7 `2HiBQMb P = { ρ1, . . . , ρm }X
q2 /2}M2 i?2 2pHmiBQM Q7 M = (Ma,ϕα) QM  Ti? w = (a|α1 · · ·αℓ|b) iQ #2 ϕw =
ϕαℓ · · ·ϕα1 : Ma →MbX  `2T`2b2MiiBQM M Bb  `2T`2b2MiiBQM Q7  #QmM/ [mBp2` (Q,P )
B7 ϕρ := Σmi=1λiϕwi = 0 7Q` HH `2HiBQMb ρ = Σmi=1λiwi ∈ P X
Pm` rQ`F `2[mB`2b i?2 7QHHQrBM; +QKKmiiBpBiv `2HiBQMbX  `2HiBQM Q7 i?2 7Q`K w−w′
Bb +HH2/  +QKKmiiBpBiv `2HiBQM- r?2`2 w M/ w′ `2 irQ /Bz2`2Mi Ti?b b?`BM; i?2
bK2 bQm`+2 M/ i`;2iX hQ mM/2`biM/ Bi BMimBiBp2Hv- QM2 +M +QMbB/2` i?2 7QHHQrBM;
#QmM/ [mBp2` (Q,P ),
Q =
a b
c d
α
γ
β δ , P = { ρ = βα− γδ } .
"v /2}MBiBQM- 2p2`v `2T`2b2MiiBQM (M,ϕ) Q7 i?2 #QmM/ [mBp2` (Q,P ) biBb}2b ϕρ =
ϕαϕβ − ϕδϕγ = 0X h?2`27Q`2- i?2 /B;`K Q7 i?2 `2T`2b2MiiBQM
Ma Mb
Mc Md
ϕα
ϕγ
ϕβ ϕδ
Kmbi #2 +QKKmiiBp2X
AM i?2 bK2 rv b Q7 `2T`2b2MiiBQMb Q7 [mBp2`b- p`BQmb Q#D2+ib Q7 `2T`2b2MiiBQMb
Q7 #QmM/ [mBp2`b `2 HbQ /2}M2/c KQ`T?BbKb- BbQKQ`T?BbKb- /B`2+i bmKb-  x2`Q `2T@
`2b2MiiBQM- BM/2+QKTQb#BHBiv- }MBi2 UQ` BM}MBi2V ivT2- M/ _ [mBp2`bX lM/2` bm+?
/2}MBiBQMb- i?2 `2T`2b2MiiBQM +i2;Q`v rep(Q,P ) Q7  #QmM/ [mBp2` (Q,P ) Bb +QKTQb2/
BM i?2 Mim`H rvX h?Bb Bb i?2 7mHH bm#+i2;Q`v Q7 rep(Q) r?Qb2 Q#D2+ib `2 i?2 `2T`2@
b2MiiBQMb Q7 (Q,P )X
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb
kXkXRX aBKTHB+BH *QKTH2t2b 7Q` SQBMi *HQm/b
AM bQK2 bim/B2b bm+? b BM i?Bb i?2bBb- T2`bBbi2Mi ?QKQHQ;v Bb /2}M2/ 7Q`  }Hi`iBQMX
"27Q`2 T`2b2MiBM; i?2 /2}MBiBQM- H2i mb ;Bp2 irQ ivTB+H +QMbi`m+iBQMb Q7  }Hi`iBQM 7`QK
 TQBMi +HQm/ BM T`2T`iBQM 7Q` i?2 i?2Q`v BM *?Ti2` 9X
Rk
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb
G2i P #2  TQBMi +HQm/ BM RnX M #bi`+i bBKTHB+BH +QKTH2t Ω 7Q` P Bb  +QHH2+iBQM
Q7 bm#b2ib Q7 P bm+? i?i
P1 ⊂ P2 M/ P2 ∈ Ω =⇒ P1 ∈ Ω.
.2}MBiBQM kXkXRX h?2 Ì2+? +QKTH2t Cr 7Q` P rBi?  `/Bmb r Bb M #bi`+i bBKTHB+BH
+QKTH2t /2}M2/ b
Cr = {σ ⊂ P |
⋂
p∈σ
B(p; r) ̸= ∅ } ,
r?2`2 B(p; r) Bb i?2 #HH Q7 +2Mi2` p M/ `/Bmb rX G2i dRn #2 i?2 1m+HB/2M K2i`B+ QM RnX
h?2 oB2iQ`BbĜ_BTb +QKTH2t Vr 7Q` P rBi?  `/Bmb r Bb M #bi`+i bBKTHB+BH +QKTH2t
/2}M2/ b
Vr = {σ ⊂ P | ∀p1, p2 ∈ σ, dRn(p1, p2) ≤ r } k.
h?2b2 +QKTH2t2b Mim`HHv 7Q`K }Hi`iBQMb #v BM+`2bBM; i?2 `/Bmb T`K2i2` rX 6Q`
2tKTH2- BM+`2bBM; `/Bmb T`K2i2`b r1 < r2 < · · · < rn BM/m+2 i?2 }Hi`iBQM Q7 Ì2+?
+QKTH2t2b
Cr1 ⊂ Cr2 ⊂ · · · ⊂ Crn .
6BHi`iBQMb Q7 Ì2+? +QKTH2t2b M/ oB2iQ`BbĜ_BTb +QKTH2t2b `2 mb2/ 7Q` +Tim`BM; iQTQ@
HQ;B+H b?T2b Q7 TQBMi +HQm/bX
Ì2+? +QKTH2t2b ?p2  i?2Q`2iB+HHv ;QQ/ T`QT2`iv- FMQrM b L2`p2 h?2Q`2K (9)X PM
i?2 Qi?2` ?M/- oB2iQ`BbĜ_BTb +QKTH2t2b `2 +QKTmiiBQMHHv HB;?i2`- ?2M+2 r2 b2H2+i
i?2K /2T2M/BM; QM i?2 bBimiBQM Ub22 (Rj- a2+iBQM AAAXk) 7Q` /2iBHbVX am+? }Hi`iBQMb
mbBM; #bi`+i bBKTHB+BH +QKTH2t2b `2 7`2[m2MiHv mb2/ 7Q` MHvbBb Q7 /i ;Bp2M BM i?2
7Q`K Q7 TQBMi +HQm/bX
kXkXkX S2`bBbi2Mi >QKQHQ;v- S2`bBbi2M+2 .B;`Kb- M/ S2`bBbi2M+2
JQ/mH2b
.2}MBiBQM kXkXkX *QMbB/2`  }Hi`iBQM Q7 bT+2b U2X;X iQTQHQ;B+H bT+2b- bBKTHB+BH
+QKTH2t2bV
X : X1 ⊂ X2 ⊂ · · · ⊂ Xn.
h?2 T2`bBbi2Mi ?QKQHQ;v ;`QmT Q7 i?2 }Hi`iBQM X Bb i?2 b2[m2M+2
HX : HX1 → HX2 → · · ·→ HXn UkXjV
BM/m+2/ #v i?2 ?QKQHQ;v 7mM+iQ` HX
kP`/BM`BHv- oB2iQ`BbĜ_BTb +QKTH2t2b `2 /2}M2/ MQi #v i?2 BM2[mHBiv dRn(p1, p2) ≤ r #mi #v
dRn(p1, p2) ≤ 2rX q2 /QTi i?Bb /2}MBiBQM 7Q` i?2 +QKT`BbQM Q7 MmK2`B+H `2bmHib BM a2+iBQM 9X8
rBi? M 2`HB2` `2b2`+? (R9)X
Rj
*?Ti2` kX S`2HBKBM`B2b
AM i?2 +QMi2ti Q7 [mBp2` `2T`2b2MiiBQMb- i?2 T2`bBbi2Mi ?QKQHQ;v Bb `2;`/2/ b 
`2T`2b2MiiBQM Q7 M An(ff · · · f) ivT2 [mBp2`X 1+? /B`2+i bmKKM/ I[b, d] BM i?2 mMB[m2
/2+QKTQbBiBQM
HX ∼=
⊕
1≤b≤d≤n
I[b, d]mb,d (mb,d ∈ Z≥0, KmHiBTHB+Biv)
+Q``2bTQM/b iQ  ;2M2`iQ` Q7  ?QKQHQ;v ;`QmT r?B+? Bb #Q`M i HXb M/ /B2b i
HXd+1X h?2`27Q`2- i?2 H2M;i? d− b Q7 M BMi2`pH Bb +HH2/ Bib HB72iBK2 Q` T2`bBbi2M+2X
h?2 T2`bBbi2M+2 /B;`K Bb  KmHiBb2i
{ (b, d) | 1 ≤ b ≤ d ≤ n, (b, d) ?b KmHiBTHB+Biv mb,d } ,
/2i2`KBM2/ #v i?2 /2+QKTQbBiBQMX q2 BHHmbi`i2 Bi #v THQiiBM; Bi QM  THM2jX h?Bb
/2b+`BTiBQM ;Bp2b mb M Qp2`pB2r Q7 i?2 ;2M2`iQ`b Q7 HH ?QKQHQ;v ;`QmTb M/ i?2`27Q`2-
i?Bb TT`Q+? Bb 7`2[m2MiHv mb2/ 7Q` TTHB+iBQMb Q7 T2`bBbi2Mi ?QKQHQ;vX
6m`i?2`KQ`2- i?2 7`K2rQ`F Q7 [mBp2` `2T`2b2MiiBQMb +M 2ti2M/ T2`bBbi2Mi ?QKQH@
Q;vX q2 +HH `2T`2b2MiiBQMb Q7 U#QmM/V [mBp2`b T2`bBbi2M+2 KQ/mH2bX wB;x; T2`bBbi2M+2
KQ/mH2b (8) `2 M 2tKTH2 Q7 i?2 2ti2MbBQM- 2M#HBM; iQ +Tim`2 T2`bBbi2Mi iQTQHQ;B+H
72im`2b BM /27Q`KiBQMb Q7 bT+2bX
*QMbB/2` /27Q`KiBQMb Q7 iQTQHQ;B+H bT+2b (X1, . . . , XT )-  b2[m2M+2 Q7 iQTQHQ;B+H
bT+2bX Hi?Qm;? i?2 b2[m2M+2 Bb MQi  }Hi`iBQM BM ;2M2`H- i?2 mMBQMb Q7 M2B;?#Q`BM;
bT+2b +M ;2M2`i2 i?2 b2[m2M+2 Q7 i?2B` +MQMB+H BM+HmbBQMb
X1 ↪→ X1 ∪X2 ←↩ X2 ↪→ · · · ↪→ XT−1 ∪XT ←↩ XT .
h?2 xB;x; T2`bBbi2M+2 KQ/mH2 Q7 (X1, . . . , XT ) Bb ;Bp2M #v i?2 b2[m2M+2 Q7 ?QKQHQ;v
H(X1)→ H(X1 ∪X2)← H(X2)→ · · ·→ H(XT−1 ∪XT )← HXT .
h?2 /2+QKTQbBiBQM Q7 i?2 xB;x; T2`bBbi2M+2 KQ/mH2 b  A2T−1(fbfb · · · fb) ivT2 `2T`2@
b2MiiBQM vB2H/b  T2`bBbi2M+2 /B;`K ;BM- r?2`2 2+? BMi2`pH +Tim`2b i?2 T2`bBbi2M+2
Q7  ?QKQHQ;v ;2M2`iQ` BM i?2 /27Q`KiBQMb Q7 bT+2bX
kXkXjX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
.2}MBiBQM kXkXjX G2i L(τn) /2MQi2  [mBp2` Q7 i?2 7Q`K
1′◦ 2′◦ · · · n′◦
◦
1
◦
2
· · · ◦
n
,
r?2`2 i?2 mTT2` M/ HQr2` [mBp2`b `2 i?2 bK2 An(τn) ivT2X G2i C #2 i?2 b2i Q7 HH
TQbbB#H2 +QKKmiiBpBiv `2HiBQMbX  +QKKmiiBp2 H//2` CLn(τn) UQ` bBKTHv CL(τn)V Bb
 #QmM/ [mBp2` (L(τn), C)X S2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b `2 `2T`2b2Mi@
iBQMb Q7 i?2 #QmM/ [mBp2` CL(τn)X
R9
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb
100
100
011
000
000
001
110
110
100
000
111
100
011
001
110
111
010
110
000
011
111
000
111
101
111
111
121
111
010
000
010
111
000
111
010
121
010
010
000
010
001
000
111
001
110
100
011
111
010
011
000
110
001
001
110
000
000
100
011
011
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6B;m`2 kXRX, mbHM/2`Ĝ_2Bi2M [mBp2` Q7 i?2 +QKKmiiBp2 H//2` CL3(bf) (Re)X
h?2 Q`B;BMH TT2` (Re) Q7 T2`bBbi2M+2 KQ/mH2b QM CL(τn) /2b+`B#2/ i?2 7QHHQrBM; }MBi2@
M2bb i?2Q`2KX
h?2Q`2K kXkX9 U(Re- h?2Q`2K j M/ 9)VX 6Q` Mv Q`B2MiiBQM τn-
CL(τn) Bb Q7 }MBi2 ivT2 ⇐⇒ n ≤ 4.
1tKTH2 kXkX8X b M 2tKTH2 Q7 +QKKmiiBp2 H//2`b Q7 }MBi2 ivT2- QM2 +M T`2b2Mi
i?2 _ [mBp2` Q7 i?2 +QKKmiiBp2 H//2` CL3(bf) BM 6B;m`2 kXRX h?2 p2`iB+2b Q7 i?2
_ [mBp2` `2 2tT`2bb2/ BM i?2 7Q`K Q7 /BK2MbBQM p2+iQ`bX h?2 /BK2MbBQM p2+iQ` Q7 
`2T`2b2MiiBQM M Bb  p2+iQ` Q7 /BK2MbBQMb Q7 M(a) Qp2` K 7Q` p2`iB+2b a ∈ Q0X 6Q`
+QMp2MB2M+2- i?2 p2+iQ`b `2 HB;M2/ ++Q`/BM; iQ i?2 TQbBiBQMb Q7 i?2 p2`iB+2b a ∈ Q0X
6Q` 2tKTH2- i?2 /BK2MbBQM p2+iQ` Q7  `2T`2b2MiiBQM
K K2 K3
K3 K2 K
Bb 123321X q2 `2K`F i?i 7Q` i?2 BbQKQ`T?BbK +Hbb Q7  `2T`2b2MiiBQM- i?2 /BK2MbBQM p2+iQ`
Bb mMB[m2Hv /2i2`KBM2/ U#mi MQi pB+2 p2`bVX AM MHQ;v rBi? i?2 BMi2`pH `2T`2b2MiiBQMb
Q7 An [mBp2`b- `2T`2b2MiiBp2b Q7 i?2 BM/2+QKTQb#H2b BM 6B;m`2 kXR 2tT`2bb2/ #v i?2
/BK2MbBQM p2+iQ`b MQi BM+Hm/BM; 2 +M #2 +?Qb2M b 7QHHQrbX h?2 KQ`T?BbKb BM i?2
BM/2+QKTQb#H2b `2 B/2MiBiv KTb 7`QK K iQ K- Q` y Qi?2`rBb2X 1t+2TiBQMb `2 121111 M/
jh?Bb BK;2 Bb HbQ +HH2/ i?2 T2`bBbi2M+2 /B;`K- T`iB+mH`Hv BM `2H /i MHvbBbX
R8
*?Ti2` kX S`2HBKBM`B2b
010
121X h?2b2 `2 BbQKQ`T?B+ +Hbb2b Q7
K K2 K
K K K
[ 1 0 ] [ 0 1 ]
1
1
[ 11 ]
1
1 M/
0 K 0
K K2 K
[ 1 0 ]
[ 1 1 ]
[ 0 1 ]
UkX9V
`2bT2+iBp2HvX 6Q` +QMp2MB2M+2- r2 }t i?2b2 `2T`2b2MiiBp2b i?`Qm;?Qmi i?Bb i?2bBbX
h?2 MQiBQM Q7 T2`bBbi2M+2 /B;`Kb ?b #22M 2ti2M/2/ iQ CL(τn) #v mbBM; BM/2+QKTQb@
#H2 /2+QKTQbBiBQMX G2i Γ = (Γ0,Γ1) #2 i?2 _ [mBp2` Q7 CL(τn)- i?2M  `2T`2b2MiiBQM
M Q7 CL(τn) ?b i?2 /2+QKTQbBiBQM
M ∼=
⊕
[I]∈Γ0
Im[I] (m[I] ∈ Z≥0, KmHiBTHB+Biv).
h?2 T2`bBbi2M+2 /B;`K Q7 M Bb i?2 KT Γ0 ∋ [I] 5→ m[I] ∈ Z≥0X A7 CL(τn) Bb Q7 }MBi2
ivT2- i?2M Γ0 Bb  }MBi2 b2i- ?2M+2 r2 +M /`r i?2 T2`bBbi2M+2 /B;`K #v TmiiBM; i?2
MmK#2`b m[I] QM i?2 +Q``2bTQM/BM; p2`iB+2b BM ΓX h?2 TT2` (Re) bm;;2bi2/ i?2 miBHBiv Q7
bm+? T2`bBbi2M+2 /B;`Kb 7Q` TTHB+iBQM iQ `2H /i MHvbBbX
kXjX ``Qr *i2;Q`B2b
6BMHHv- r2 T`QpB/2 i?2 /2}MBiBQM Q7 ``Qr +i2;Q`B2bX h?Bb MQiBQM rBHH +QMi`B#mi2 iQ 
/2+QKTQbBiBQM H;Q`Bi?K BM *?Ti2` jX
.2}MBiBQM kXjXRX G2i C #2  +i2;Q`vX h?2 ``Qr +i2;Q`v arr(C) Q7 C Bb i?2 7QHHQrBM;
+i2;Q`vX
P#D2+ib HH KQ`T?BbKb f ∈ Hom(C1, C2) 7Q` HH Q#D2+ib C1 M/ C2 Q7 CX
JQ`T?BbKb  KQ`T?BbK ϕ : f → g 7`QK f ∈ Hom(C1, C2) iQ g ∈ Hom(D1, D2) Bb  TB`
Q7 KQ`T?BbKb (ϕ1 : C1 → D1,ϕ2 : C2 → D2) biBb7vBM; i?2 +QKKmiiBpBiv
D1 D2
C1 C2
g
f
ϕ1 ϕ2 .
*QKTQbBiBQM h?2 +QKTQbBiBQM Q7 KQ`T?BbKb ϕ = (ϕ1,ϕ2) : f → g M/ ψ = (ψ1,ψ2) : g →
h Bb ψϕ := (ψ1ϕ1,ψ2ϕ2)X
Re
*?Ti2` jX
Ji`Bt J2i?Q/ 7Q` S2`bBbi2M+2
JQ/mH2b QM *QKKmiiBp2 G//2`b Q7
6BMBi2 hvT2
h?Bb +?Ti2` b2`p2b  /2+QKTQbBiBQM H;Q`Bi?K 7Q` T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2
H//2`b Q7 }MBi2 ivT2X aBM+2 i?2 H;Q`Bi?K +QMbBbib QMHv Q7 2H2K2Mi`v QT2`iBQMb QM
Ki`B+2b- QM2 +M BKTH2K2Mi Bi bKQQi?Hv M/ 2z2+iBp2HvX h?2 +QMi2Mi Q7 i?Bb +?Ti2` Bb
#b2/ QM i?2 Tm#HBb?2/ TT2`,
(R) >X bb?B#- 1X :X 1b+QH`- uX >B`QF- M/ >X hF2m+?B- Ji`Bt J2i?Q/ 7Q`
S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6BMBi2 hvT2- CTMX CX AM/X TTHX
Ji?X .PA,RyXRyydfbRjRey@yR3@yjjR@v
h?2 }MH Tm#HB+iBQM Bb pBH#H2 i ?iiTb,ffHBMFXbT`BM;2`X+QKf`iB+H2fRyXRyydf
bRjRey@yR3@yjjR@vX h?Bb TT2` T`QpB/2b T`QQ7b QMHv 7Q` i?2 Q`B2MiiBQMb f - fb- M/
fff - #2+mb2 i?Qb2 7Q` i?2 Qi?2` Q`B2MiiBQMb `2 bBKBH`X h?2`27Q`2 BM i?Bb i?2bBb- r2
T`2b2Mi T`QQ7b 7Q` i?2 Qi?2` Q`B2MiiBQMb b- bf - M/ bfb- iQ bmTTQ`i i?2 #Qp2 TT2`X
jXRX Ji`Bt LQiiBQM
jXRXRX 6`QK _2T`2b2MiiBQMb iQ ``Qrb
h?2Q`2K jXRXRX G2i τn #2 M Q`B2MiiBQM Q7 M An(τn) [mBp2`X h?2`2 Bb M BbQKQ`T?BbK
Q7 +i2;Q`B2b
repCL(τn) ∼= arr(repAn(τn)).
S`QQ7X M BbQKQ`T?BbK 7mM+iQ` F : repCL(τn) → arr(repAn(τn)) +M #2 +QMbi`m+i2/
#v iFBM;  T2`bBbi2M+2 KQ/mH2 M ∈ repCL(τn) iQ i?2 KQ`T?BbK /2}M2/ #v M 7`QK
Bib #QiiQK `Qr iQ Bib iQT `QrX aBKBH`Hv-  KQ`T?BbK #2ir22M irQ T2`bBbi2M+2 KQ/mH2b
λ : M → N /2}M2b  KQ`T?BbK F (λ) #2ir22M i?2 +Q``2bTQM/BM; ``Qrb F (M)- F (N)
BM i?2 Q#pBQmb rvX
h?2 BbQKQ`T?BbK F : repCL(τn) → arr(repAn(τn)) +QMbi`m+i2/ #Qp2 2M#H2b mb iQ
B/2MiB7v  T2`bBbi2M+2 KQ/mH2 M QM CL(τn) rBi? i?2 +Q``2bTQM/BM; ``Qr F (M)X
Rd
*?Ti2` jX Ji`Bt J2i?Q/
jXRXkX 6`QK ``Qrb iQ Ji`Bt 6Q`K
6Bt M Q`B2MiiBQM τnX q2 /2}M2 i?2 7QHHQrBM; bvK#QH 7Q` +QMp2MB2M+2X
.2}MBiBQM jXRXkX h?2 `2HiBQM " QM i?2 b2i { I[b, d] | 1 ≤ b ≤ d ≤ n } Q7 HH BMi2`pH
`2T`2b2MiiBQMb Q7 An(τn) Bb /2}M2/ b 7QHHQrbX
I[a, b] " I[c, d]⇐⇒ Hom(I[a, b], I[c, d]) ̸= 0.
Ai +M #2 +QM}`K2/ i?i " Bb `2~2tBp2 M/ MiBbvKK2i`B+R- #mi BM ;2M2`H Bb MQi
i`MbBiBp2X a22 1tKTH2 jXRX9 #2HQrX aBM+2 r2 mb2 i?2 bK2 bvK#QHb I[b, d] 7Q` HH
An(τn)- i?2 `2HiBQM " /2T2M/b QM i?2 mM/2`HvBM; Q`B2MiiBQM τnX 6Q` BMbiM+2- QM2 +M
2bBHv +?2+F i?i I[2, 2] " I[1, 2] 7Q` τ2 = f - #mi I[2, 2] ̸" I[1, 2] 7Q` τ2 = bX >2`2- r2 mb2
i?2 7QHHQrBM; 2tT`2bbBQM I[a, b] ◃ I[c, d] B7 I[a, b] " I[c, d] M/ I[a, b] ̸= I[c, d]X
G2KK jXRXjX G2i I[a, b], I[c, d] #2 BMi2`pH `2T`2b2MiiBQMb Q7 An(τn)X
RX h?2 /BK2MbBQM Q7 Hom(I[a, b], I[c, d]) b  K@p2+iQ` bT+2 Bb 2Bi?2` 0 Q` 1X
kX  K@p2+iQ` bT+2 #bBb {f c:da:b} +M #2 +?Qb2M 7Q` 2+? MQMx2`Q Hom(I[a, b], I[c, d])
bm+? i?i B7 I[a, b] " I[c, d]- I[c, d] " I[e, f ] M/ I[a, b] " I[e, f ]- i?2M
f e:fa:b = f
e:f
c:d f
c:d
a:b . UjXRV
S`QQ7X
RX h?2 MQiiBQM [a, b] = {a, a + 1, . . . , b} Bb mb2/ iQ /2MQi2 i?2 BMi2`pH Q7 BMi2;2`b
i rBi? a ≤ i ≤ bX *QMbB/2` g = {gi}ni=1 ∈ Hom(I[a, b], I[c, d]) M/ bmTTQb2 i?i
Hom(I[a, b], I[c, d]) Bb MQMx2`QX
LQi2 i?i gi = 0 7Q` i /∈ [a, b] ∩ [c, d]X Ai 7QHHQrb i?i B7 [a, b] ∩ [c, d] = ∅- i?2M
Hom(I[a, b], I[c, d]) = {0}-  +QMi`/B+iBQMX h?2`27Q`2 [a, b] ∩ [c, d] ̸= ∅X
6Bt M BM/2t j ∈ [a, b]∩ [c, d] ̸= ∅X q2 +HBK i?i gi = gj 7Q` Mv i ∈ [a, b]∩ [c, d]-
#v i?2 +QKKmiiBpBiv `2[mB`2K2Mi QM KQ`T?BbKbX hQ BHHmbi`i2 i?Bb TQBMi- bmTTQb2
i?i i = j + 1 rBi? i ∈ [a, b] ∩ [c, d]X h?2M gi = gj 7QHHQrb 7`QK i?2 +QKKmiiBpBiv
Q7
K K
K K
idK
idK
gj gi Q`
K K
K K
idK
idK
gj gi
7Q` i?2 i@i? Q`B2MiiBQM f Q` b- `2bT2+iBp2HvX  bBKBH` `;mK2Mi /2KQMbi`i2b i?i
i?2 +HBK T`2b2Mi2/ #Qp2 ?QH/b 7Q` i = j− 1 rBi? i ∈ [a, b]∩ [c, d]X _2T2iBM; i?Bb
`;mK2Mi- QM2 Q#iBMb gi = gj b HQM; b i ∈ [a, b] ∩ [c, d]X
*QMb2[m2MiHv- Mv KQ`T?BbK g Bb /2i2`KBM2/ mMB[m2Hv #v Bib pHm2 gj 7Q` bQK2
j ∈ [a, b] ∩ [c, d]X h?Bb T`QpB/2b M BbQKQ`T?BbK Q7 K@p2+iQ` bT+2b
Hom(I[a, b], I[c, d]) ∼= HomK(K,K)
RI[a, b] " I[c, d] M/ I[c, d] " I[a, b] BKTHv I[a, b] = I[c, d]X
R3
jXRX Ji`Bt LQiiBQM
#v iFBM; g iQ gjX
aBM+2 HomK(K,K) ∼= K- QM2 +M +QM+Hm/2 i?i B7 Hom(I[a, b], I[c, d]) Bb MQMx2`Q-
i?2M Bib /BK2MbBQM Bb 1X
kX 6Q` HH TB`b Q7 BMi2`pHb rBi? I[a, b] " I[c, d] /2}M2 f c:da:b #v
(
f c:da:b
)
i
=
{
idK B7 i ∈ [a, b] ∩ [c, d],
0 Qi?2`rBb2.
h?2 /Bb+mbbBQM T`2b2Mi2/ #Qp2 BM/B+i2b i?i f c:da:b Bb BM Hom(I[a, b], I[c, d])- M/
i?i Mv g ∈ Hom(I[a, b], I[c, d]) +M #2 r`Bii2M b g = gj(1)f c:da:b 7Q` Mv j ∈
[a, b] ∩ [c, d]X JQ`2Qp2`- #v +QMbi`m+iBQM- i?Bb +?QB+2 Q7 f c:da:b biBb}2b 1[X UjXRVX
1tKTH2 jXRX9X qBi? Q`B2MiiBQM τn = ff · · · f - i?2 ?QKQKQ`T?BbK bT+2b `2
Hom(I[a, b], I[c, d]) =
{
Kf c:da:b , c ≤ a ≤ d ≤ b,
0, Qi?2`rBb2.
h?2 #bBb 7mM+iBQMb f c:da:b `2 ;Bp2M b
(
f c:da:b
)
i
=
{
idK , a ≤ i ≤ d,
0, Qi?2`rBb2X
qBi? n = 2- I[2, 2] " I[1, 2] M/ I[1, 2] " I[1, 1]- #mi I[2, 2] ̸" I[1, 1]X h?Bb `2bmHi HbQ
T`QpB/2b M 2tKTH2 BHHmbi`iBM; i?i " Kv MQi #2 i`MbBiBp2X
6Q` +QMp2MB2M+2- r2 /2}M2 f c:da:b = 0 7Q` i?2 +b2 I[a, b] ̸" I[c, d]X
LQr- H2iiBM; M #2  `2T`2b2MiiBQM Q7 CL(τn) rBi? n ≤ 4- #v i?2 BbQKQ`T?BbK F :
repCL(τn) ∼= arr(repAn(τn)) BM h?2Q`2K jXRXR- M Bb B/2MiB}2/ rBi? Bib +Q``2bTQM/BM;
``Qr F (M) : V → W BM arr(repAn(τn))X LQi2 i?i V Bb BM repAn(τn) M/ +M i?2`27Q`2
#2 /2+QKTQb2/ b
ηV : V ∼=
⊕
1≤a≤b≤n
I[a, b]ma,b , (ma,b ∈ Z≥0, KmHiBTHB+Biv) UjXkV
b BM 1[X UkXkVX  bBKBH` BbQKQ`T?BbK ηW +M #2 Q#iBM2/ 7Q` W X h?`Qm;? i?2b2
BbQKQ`T?BbKb- /2}M2
Φ = ηWF (M)η
−1
V :
⊕
1≤a≤b≤n
I[a, b]ma,b →
⊕
1≤c≤d≤n
I[c, d]m′c,d . UjXjV
AM 7+i- (ηV , ηW ) : F (M)→ Φ Bb M BbQKQ`T?BbK BM arr(repAn(τn))X
JQ`2Qp2`- Φ +M #2 r`Bii2M BM #HQ+F Ki`Bt 7Q`K b
Φ =
[
Φc:da:b
]
,
RN
*?Ti2` jX Ji`Bt J2i?Q/
r?2`2 2+? #HQ+F Ki`Bt 2Mi`v Φc:da:b : I[a, b]ma,b → I[c, d]m
′
c,d Bb Q#iBM2/ 7`QK Φ #v i?2
TT`QT`Bi2 BM+HmbBQM M/ T`QD2+iBQMX h?i Bb- Φc:da:b Bb i?2 +QKTQbBiBQM Q7
I[a, b]ma,b
⊕
1≤a≤b≤n
I[a, b]ma,b
⊕
1≤c≤d≤n
I[c, d]m′c,d I[c, d]m′c,d .ι Φ π UjX9V
AM  bBKBH` KMM2`- 2+? #HQ+F Φc:da:b +M #2 2tT`2bb2/ 7m`i?2` b  Ki`Bt Q7 ?QKQKQ`@
T?BbKb
Φc:da:b = [gi,j], (1 ≤ i ≤ ma,b, 1 ≤ j ≤ m′c,d),
r?2`2 2+? gi,j ∈ Hom(I[a, b], I[c, d])X
6Q` BMi2`pHb I[a, b] " I[c, d]- T`i irQ Q7 G2KK jXRXj b?Qrb i?i 7Q` 2+? i- j QM2 +M
r`Bi2 gi,j = µi,jf c:da:b 7Q` bQK2 µi,j ∈ KX 6+iQ`BM; Qmi f c:da:b 7`QK Φc:da:b rBi? I[a, b] " I[c, d]-
r2 ;2i
Φc:da:b =
{
M c:da:bf
c:d
a:b B7 I[a, b] " I[c, d],
0 Qi?2`rBb2,
r?2`2 2+? M c:da:b Bb M m′c,d ×ma,b Ki`Bt rBi? 2Mi`B2b BM KX hQ bmKK`Bx2- r2 /2}M2
i?2 7QHHQrBM;X
.2}MBiBQM jXRX8X G2i M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X h?2 #HQ+F Ki`Bt 7Q`K
Φ(M) Q7 M Bb
Φ(M) =
[
Φc:da:b
]
=
[
M c:da:bf
c:d
a:b
]
I[a,b]"I[c,d] ,
r?2`2 2+? Φc:da:b Bb /2}M2/ b T`2b2Mi2/ BM 1[X UjX9VX
AM i?2 Ki`Bt 7Q`KHBbK- r2 H#2H i?2 `Qrb M/ +QHmKMb Q7 i?2 #HQ+F Ki`Bt +Q``2@
bTQM/BM; iQ i?2 bmKKM/ I[a, b]ma,b #v a:bX q2 bv i?i i?2 #HQ+F Φc:da:b Bb BM `Qr c:d M/
+QHmKM a:bX
jXRXjX S2`KBbbB#H2 PT2`iBQMb
Hi?Qm;? r2 ?p2 r`Bii2M Φ BM #HQ+F Ki`Bt 7Q`K- MQi HH Q7 i?2 mbmH `Qr M/ +QH@
mKM QT2`iBQMb QM K@Ki`B+2b +Q``2bTQM/ iQ  K2MBM;7mH +?M;2 Q7 #bBbX h?2 7+i
i?i i?2`2 2tBbi bQK2 TB`b Q7 BMi2`pHb r?2`2 Hom(I[a, b], I[c, d]) Bb x2`Q H2/b iQ bQK2
+QKTHB+iBQMbX
A7 (R, S) : Φ′ ∼= Φ Bb M BbQKQ`T?BbK- i?2M⊕
1≤a≤b≤n
I[a, b]ma,b
⊕
1≤a≤b≤n
I[a, b]m′a,b
⊕
1≤a≤b≤n
I[a, b]ma,b
⊕
1≤a≤b≤n
I[a, b]m′a,b
Φ
Φ′
R S
+QKKmi2b M/ Φ′ = S−1ΦRX P#b2`pBM; i?i i?2 /QKBM M/ +Q/QKBM Q7 R `2 /B`2+i
bmKKiBQMb- R +M #2 r`Bii2M BM  Ki`Bt 7Q`K R = [Rc:da:bf c:da:b ]I[a,b]"I[c,d] `2HiBp2 iQ i?2K-
ky
jXRX Ji`Bt LQiiBQM
#v M `;mK2Mi bBKBH` iQ i?i K/2 7Q` ΦX aBKBH`Hv- S +M #2 r`Bii2M BM Ki`Bt 7Q`KX
Ai +M #2 +?2+F2/ i?i (R, S) : Φ′ → Φ Bb M BbQKQ`T?BbK B7 M/ QMHv B7 HH i?2 /B;QMH
2Mi`B2b Ra:ba:b M/ Sa:ba:b `2 BMp2`iB#H2X
>2`2BM7i2`- +QHmKM QT2`iBQMb `2 /Bb+mbb2/- bbmKBM; S b i?2 B/2MiBivX AM MHQ;v
iQ mbmH HBM2` H;2#`- +QHmKM QT2`iBQMb QM Φ +Q``2bTQM/ iQ  +?M;2 Q7 BMi2`pH
bmKKM/b BM/m+2/ #v RX "2HQr- }t  +QHmKM a:b M/ bmTTQb2 i?i I[a, b] " I[c, d]X
h?2 #HQ+F 2Mi`v i `Qr c:d BM +QHmKM a:b Q7 Φ′ = ΦR Bb
[ΦR]c:da:b =
∑
I[a,b]"I[e,f ]"I[c,d]
(M c:de:f f
c:d
e:f )(R
e:f
a:bf
e:f
a:b )
=
⎛⎝ ∑
I[a,b]"I[e,f ]"I[c,d]
M c:de:fR
e:f
a:b
⎞⎠ f c:da:b
r?2`2 ΦR Bb +QKTmi2/ b  mbmH KmHiBTHB+iBQM Q7 #HQ+F Ki`B+2bX AM i?2 Hbi bi2T-
r2 mb2/ i?2 T`QT2`iv i?i f c:de:f f e:fa:b = f c:da:b b ;m`Mi22/ #v G2KK jXRXjX LQi2 i?i i?2
`2bmHiBM; +Q2{+B2Mi Q7 f c:da:b #Qp2 BMpQHp2b QMHv //BiBQM M/ KmHiBTHB+iBQM Q7K@Ki`B+2bX
6m`i?2`KQ`2- bBM+2 I[a, b] " I[a, b]- Bi Bb 2[mH iQ
∑
I[a,b]"I[e,f ]"I[c,d]
M c:de:fR
e:f
a:b =
⎛⎝M c:da:bRa:ba:b + ∑
I[a,b]◃I[e,f ]"I[c,d]
M c:de:fR
e:f
a:b
⎞⎠ .
AM i?Bb 7Q`K- r2 b22 i?i- T`i 7`QK  +?M;2 Q7 #bBb Ra:ba:b rBi?BM i?2 +QHmKM a:b- r2
HbQ T2`KBi i?2 //BiBQM Q7 KmHiBTH2b Q7 +QHmKMb e:f rBi? I[a, b] ◃ I[e, f ]X  bBKBH`
MHvbBb +M #2 T2`7Q`K2/ 7Q` `Qr QT2`iBQMbX
6Q` 2tKTH2- QM2 +M +QMbB/2`  T2`bBbi2M+2 KQ/mH2 M QM CL2(f) +Q``2bTQM/BM; iQ
Φ =
M2:22:2 idI[2,2] 0 0
M1:22:2 f
1:2
2:2 M
1:2
1:2 idI[1,2] 0
0 M1:11:2 f
1:1
1:2 M
1:1
1:1 idI[1,1]
⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦
2:2
1:2
1:1
2:2 1:2 1:1
.
aBM+2 1:1 ̸" 1:2- 1:1 ̸" 2:2- 1:2 ̸" 2:2- M/ 2:2 ̸" 1:1- i?2 #HQ+Fb BM i?2 +Q``2bTQM/BM;
TQbBiBQMb `2 x2`QX M miQKQ`T?BbK R QM V = I[2, 2]m2,2 ⊕ I[1, 2]m1,2 ⊕ I[1, 1]m1,1 b
/2}M2/ #Qp2 +M #2 r`Bii2M b
R =
R2:22:2idI[2,2] 0 0
R1:22:2f
1:2
2:2 R
1:2
1:2idI[1,2] 0
0 R1:11:2f
1:1
1:2 R
1:1
1:1idI[1,1]
⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦
2:2
1:2
1:1
2:2 1:2 1:1
.
kR
*?Ti2` jX Ji`Bt J2i?Q/
*QMb2[m2MiHv- ΦR Bb
M2:22:2R
2:2
2:2idI[2,2] 0 0
(M1:22:2R
2:2
2:2 +M
1:2
1:2R
1:2
2:2)f
1:2
2:2 M
1:2
1:2R
1:2
1:2idI[1,2] 0
(M1:11:2R
1:2
2:2)(f
1:1
1:2 f
1:2
2:2 ) (M
1:1
1:2R
1:2
1:2 +M
1:1
1:1R
1:1
1:2)f
1:1
1:2 M
1:1
1:1R
1:1
1:1idI[1,1]
⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦.
aBM+2 f 1:11:2 f 1:22:2 = 0- i?2 HQr2` H27i +Q`M2` Bb biBHH  x2`Q #HQ+F- b +M #2 2tT2+i2/X
jXkX H;Q`Bi?K
jXkXRX AMTmi M/ LQiiBQM
G2i τn #2 M Q`B2MiiBQM 7Q` n ≤ 4 M/ M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X AM
i?2 T`2pBQmb b2+iBQM- r2 +QMbi`m+i2/ i?2 #HQ+F Ki`Bt Φ(M) = [Φc:da:b] = [M c:da:bf c:da:b ]
bbQ+Bi2/ iQ M X hrQ #HQ+Fb i /BbiBM+i 2Mi`B2b `2 bB/ iQ #2 +QHmKM U`QrV M2B;?#Q`b
B7 i?2v `2 BM i?2 bK2 +QHmKM U`QrVX L2B;?#Q`b M22/ MQi #2 /B`2+iHv /D+2Mi iQ QM2
MQi?2` BM i?2 #HQ+F Ki`BtX "v M #mb2 Q7 MQiiBQM- r2 H2i (c:d, a:b) `272``BM; iQ `Qr
c:d M/ +QHmKM a:b HbQ `272` iQ i?2 #HQ+F Ubm#Ki`BtV HQ+i2/ i i?i 2Mi`vX
_2+HH i?i i?2 p2`iB+2b Q7 i?2 _ [mBp2` Γ(An(τn)) Q7 An(τn) `2 BM #BD2+iBp2 +Q`@
`2bTQM/2M+2 iQ i?2 BMi2`pH `2T`2b2MiiBQMbX 6Q` i?i `2bQM- i?2 [mBp2` bi`m+im`2 Q7
Γ(An(τn)) Mim`HHv BM/m+2b  T`iBH Q`/2` QM i?2 b2i Q7 BMi2`pHb #v ;QBM; 7`QK bQm`+2
p2`iB+2b iQ bBMF p2`iB+2bX  iQiH Q`/2` ≺ 2ti2M/BM; i?Bb +M #2 }t2/ #v `2bQHpBM; K#B@
;mBiB2b mbBM; `2p2`b2 H2tB+Q;`T?B+ Q`/2` QM i?2 TB`b (b, d)X 6Q` 2tKTH2- #2+mb2 A3(bf)
?b i?2 7QHHQrBM; _ [mBp2`
3:3 1:2
1:3 2:2,
1:1 2:3
QM2 Q#iBMb i?2 Q`/2` 3:3 ≺ 1:1 ≺ 1:3 ≺ 2:3 ≺ 1:2 ≺ 2:2X >2`2- i?2 K#B;mBiB2b `2
`2bQHp2/ b 3:3 ≺ 1:1- M/ 2:3 ≺ 1:2X q2 b?HH mb2 ≺ iQ Q`/2` i?2 +QHmKMb M/ `Qrb Q7
i?2 #HQ+F Ki`BtX
6BMHHv- r2 /2}M2 i?2 /i i?i b2`p2 b BMTmi iQ H;Q`Bi?K RX
.2}MBiBQM jXkXRX G2i M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X h?2 #HQ+F Ki`Bt T`Q#H2K
Q7 M Bb i?2 #HQ+F Ki`Bt Φ(M)- iQ;2i?2` rBi? T2`KBbbB#H2 QT2`iBQMb- M/ rBi? `Qrb
M/ +QHmKMb Q`/2`2/ b T`2b2Mi2/ #2HQrX
RX A7 I[a, b] " I[c, d]- i?2M QT2`iBQMb 7`QK `Qr a:b iQ `Qr c:d `2 T2`KBbbB#H2X
kk
jXkX H;Q`Bi?K
kX A7 I[a, b] " I[c, d]- i?2M QT2`iBQMb iQ +QHmKM a:b 7`QK +QHmKM c:d `2 T2`KBbbB#H2X
*QHmKMb `2 Q`/2`2/ 7`QK H27i iQ `B;?i BM BM+`2bBM; ≺- r?2`2b `Qrb 7`QK iQT iQ #QiiQK
`2 BM /2+`2bBM; ≺X
h?2 T2`KBbbB#H2 QT2`iBQMb `2 i?2 `mH2b /2`Bp2/ BM am#b2+iBQM jXRXjX TTHvBM; i?2b2
QT2`iBQMb `2bmHib BM  #HQ+F Ki`Bt BbQKQ`T?B+ iQ Φ(M)X 6Q` +QMp2MB2M+2- r2 /BbiBM;mBb?
i?2 T2`KBbbB#H2 QT2`iBQMb i?i QT2`i2 QMHv rBi?BM  }t2/ `Qr Q` +QHmKM #HQ+FX M
BMM2` `Qr U+QHmKMV QT2`iBQM Bb  `Qr U+QHmKMV QT2`iBQM i?i QMHv z2+ib K@p2+iQ`
`Qrb U+QHmKMbV rBi?BM bQK2 }t2/ `Qr U+QHmKMV a:bX
_2+HHBM; i?i B7 I[a, b] ̸" I[c, d]- i?2M i?2 #HQ+F (c:d, a:b) Bb Hrvb x2`Q- 2p2M 7i2` i?2
TTHB+iBQM Q7 Mv T2`KBbbB#H2 QT2`iBQMX hQ /BbiBM;mBb? i?2K 7`QK Qi?2` #HQ+Fb i?i
`2 MmK2`B+HHv x2`Q- r2 /2bB;Mi2 i?2K #v ∅ M/ +HH i?2b2 #HQ+Fb bi`QM;Hv x2`Q #HQ+FbX
Pi?2`rBb2- 7Q` I[a, b] " I[c, d]- r2 mb2 i?2 bvK#QH ∗ iQ `2T`2b2Mi i?2 #HQ+F M c:da:b i
(c:d, a:b)- r?B+? BM/B+i2b i?i i?2b2 #HQ+Fb `2 bQ 7` mMT`Q+2bb2/X b r2 QT2`i2 QM
i?2 #HQ+F Ki`Bt- i?2B` biimb rBHH #2 T`Q+2bb2/ iQ 2Bi?2` M B/2MiBiv Ki`Bt E Q`  x2`Q
Ki`Bt 0X
LQiiBQM RX hQ /2MQi2 i?2 TQbbB#H2 #HQ+F biimb2b- r2 mb2 i?2 7QHHQrBM; p`B#H2b,
Ç ∗ 7Q` mMT`Q+2bb2/ #HQ+Fb-
Ç ∅ 7Q` bi`QM;Hv x2`Q #HQ+Fb-
Ç E 7Q` B/2MiBiv #HQ+Fb UQ7 TT`QT`Bi2 bBx2bV- M/
Ç 0 7Q` x2`Q #HQ+Fb UQ7 TT`QT`Bi2 bBx2bVX
"HQ+Fb K`F2/ b ∅- E- M/ 0 `2 +QMbB/2`2/ T`Q+2bb2/X
h?2 #HQ+F Ki`Bt KB;?i ?p2 MmK2`B+HHv B/2MiBiv Q` x2`Q #HQ+Fb- Hi?Qm;? r2 H#2H
i?2B` biimb b #2BM; mMT`Q+2bb2/ ∗X h?Bb biimb K2`2Hv `2~2+ib i?2 7+i i?i i?2v ?p2
MQi v2i #22M 2tKBM2/ M/ }t2/ i?`Qm;? i?2 +Qm`b2 Q7 i?2 H;Q`Bi?KX
1tKTH2 jXkXkX h?2 #HQ+F Ki`Bt T`Q#H2K +Q``2bTQM/BM; iQ  T2`bBbi2M+2 KQ/mH2 QM
CL3(bf) ?b i?2 7Q`K Q7
∅ ∅ ∗ ∗ ∗ ∗
∅ ∗ ∗ ∅ ∗ ∅
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦
2:2
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2 2:2
.
jXkXkX H;Q`Bi?K
:Bp2M  T2`bBbi2M+2 KQ/mH2 M QM CL(τn) r?2`2 n ≤ 4- i?2 BMTmi iQ H;Q`Bi?K R Bb i?2
#HQ+F Ki`Bt T`Q#H2K Q7M X "2HQr- r2 b?HH HbQ mb2 i?2 MQiiBQMM iQ /2MQi2 i?2 #HQ+F
Ki`Bt T`Q#H2K bbQ+Bi2/ iQ i?2 T2`bBbi2M+2 KQ/mH2 M X
kj
*?Ti2` jX Ji`Bt J2i?Q/
h?2 H;Q`Bi?K mb2b i?2 7QHHQrBM; irQ 7+ibX :Bp2M  mbmH K@Ki`Bt N - i?2`2 2tBbi
BMp2`iB#H2 Ki`B+2b R M/ S UQ7 TT`QT`Bi2 bBx2bV bm+? i?i RNS = [ E 00 0 ]-  aKBi?
MQ`KH 7Q`KX *QMb2[m2MiHv- mbBM; TT`QT`Bi2 BMM2` `Qr M/ +QHmKM QT2`iBQMb-  #HQ+F
∗ +M #2 i`Mb7Q`K2/ BMiQ i?2 7Q`K [ E 00 0 ]X J2Mr?BH2- mbBM; bQK2 B/2MiBiv bm#Ki`Bt
E-  `Qr U+QHmKMV M2B;?#Q` ∗ +M #2 x2`Q2/ Qmi mbBM; TT`QT`Bi2 T2`KBbbB#H2 +QHmKM
U`QrV QT2`iBQMbX *QKTHB+iBQMb `Bb2 7`QK i?2 bB/2 2z2+ib Q7 i?2b2 QT2`iBQMbX
H;Q`Bi?K R JBM H;Q`Bi?KX AMTmi,  #HQ+F Ki`Bt T`Q#H2K M
R, T`Q+2/m`2 Ki`Btn`2/m+iBQMUMV
k, r?BH2 M ?b mMT`Q+2bb2/ bm#Ki`B+2b /Q
j, v∗ ← i?2 #QiiQKKQbi ∗ #HQ+F Q7 i?2 `B;?iKQbi +QHmKM rBi? ∗ #HQ+Fb BM M
9, FR ← `QrnbB/2n2772+iUv∗V
8, FC ← +QHnbB/2n2772+iUv∗V
e, h`Mb7Q`K v∗ iQ aKBi? MQ`KH 7Q`K #v BMM2` QT2`iBQMb QM M X
d, 7Q` HH v′ ∈ FR /Q +QHn7BtUv′V
3, 7Q` HH v′ ∈ FC /Q `Qrn7BtUv′V
N, lT/i2 i?2 T`iBiBQMBM; Q7 #HQ+Fb BM #HQ+F Ki`Bt M X
Ry, r?BH2 i?2`2 2tBbi MQMx2`Q #HQ+Fb vt rBi? (p← 2`b#H2(vt)) MQi MmHH /Q
RR, w2`Q Qmi vt pB i?2 T`Q+2/m`2 BM/B+i2/ #v pX
h?2 KBM r?BH2 HQQT Q7 H;Q`Bi?K R +M #2 /BpB/2/ #`Q/Hv BMiQ 7Qm` KBM T`ibX
RX h`Mb7Q`K QM2 TT`QT`Bi2 #HQ+F v∗ BMiQ  aKBi? MQ`KH 7Q`K UGBM2 eV #v BMM2`
`Qr M/ +QHmKM QT2`iBQMb QM M X
kX h?2 QT2`iBQMb T2`7Q`K2/ BM i?2 T`2pBQmb T`i Kv z2+i i?2 7Q`Kb Q7 M2B;?#Q`BM;
B/2MiBiv #HQ+FbX q2 i`Mb7Q`K i?2K #+F iQ B/2MiBiv #HQ+Fb UGBM2b d M/ 3VX
jX lT/i2 i?2 T`iBiBQMBM; Q7 i?2 #HQ+Fb UGBM2 NVX 7i2` Q#iBMBM; i?2 aKBi? MQ`KH
7Q`K [ E 00 0 ]- r2 bTHBi mT +QHmKMb M/ `Qrb bQ i?i 2+? B/2MiBiv Ki`Bt E Bb Bib QrM
#HQ+F BM M X
9X :`22/BHv x2`Q Qmi 2`b#H2 #HQ+Fb v #v //BiBQM Q7 KmHiBTH2b Q7 B/2MiBiv #HQ+FbX
q2 }`bi BHHmbi`i2 T`ib QM2 iQ i?`22 #v M 2tKTH2 #b2/ QM i?2 bbmKTiBQM i?i
M = ∗ ∗ v∗∗ ∅ E
[ ]
r?2`2 QT2`iBQMb 7`QK `Qr 1 iQ `Qr 2 M/ pB+2 p2`b `2 BKT2`KBbbB#H2X PM2 Q#iBMb
M = ∗ ∗ v∗
∗ ∅ E
⎡⎣ ⎤⎦ 1.∼= ∗ ∗ E 00 0
∗ ∅ S
⎡⎣ ⎤⎦ 2.∼= ∗ ∗ E 00 0
∗ ∅ E
⎡⎣ ⎤⎦,
r?2`2 i?2 MmK#2`b #Qp2 i?2 BbQKQ`T?BbKb `2T`2b2Mi i?2 T`Q+2/m`2b #2BM; T2`7Q`K2/X
k9
jXkX H;Q`Bi?K
AM i?2 }`bi T`i- i?2 #HQ+F v∗ Bb +?Qb2M #v i?2 ?2m`BbiB+ ;Bp2M BM H;Q`Bi?K R M/
GBM2 jX h?2`27Q`2- v∗ Bb /2T2M/2Mi QM i?2 Q`/2`BM; Q7 i?2 `Qrb M/ +QHmKMb- r?B+?
`2 }t2/ BM .2}MBiBQM jXkXRX "v BMM2` QT2`iBQMb QM M - i?2 #HQ+F v∗ Bb i`Mb7Q`K2/
iQ aKBi? MQ`KH 7Q`KX AM T`iB+mH`- i?2`2 `2 BMp2`iB#H2 Ki`B+2b R M/ S bm+? i?i
Rv∗S = [ E 00 0 ]X
H;Q`Bi?K k
R, 7mM+iBQM +QHnbB/2n2772+iUvV
k, `2im`M { v′ | v′ Bb M B/2MiBiv +QHmKM M2B;?#Q` Q7 v }
R, 7mM+iBQM `QrnbB/2n2772+iUvV
k, `2im`M { v′ | v′ Bb M B/2MiBiv `Qr M2B;?#Q` Q7 v }
L2ti- i?2 #HQ+F E #2HQr v∗ #2+QK2b ES = S- TQbbB#Hv MQi M B/2MiBiv Ki`BtX h?Bb
+?M;2 Bb `2+Q`/2/ b  bB/2 2z2+iX aBM+2 S Bb BMp2`iB#H2- Bi +M #2 i`Mb7Q`K2/ #+F
mbBM; QMHv BMM2` `Qr QT2`iBQMb BM `Qrn7BtX AM ;2M2`H i?2`2 Kv #2 Qi?2` B/2MiBiv
#HQ+Fb BM i?2 bK2 `Qr b S r?Qb2 7Q`Kb `2 z2+i2/ #v i?2b2 `Qr QT2`iBQMbX hQ }t
i?2K- r2 `2+m`bBp2Hv +HH `Qrn7Bt M/ +QHn7Bt BM H;Q`Bi?K jX *?2+FBM; i?i i?Bb
/Q2b MQi 2M;2M/2` M BM}MBi2 `2+m`bBQM 7Q` i?2 +b2b r2 +QMbB/2` Bb T`i Q7 i?2 T`QQ7 Q7
h?2Q`2K jXkXjX
H;Q`Bi?K j
R, 7mM+iBQM +QHn7BtUvV
k, V ′ ← +QHnbB/2n2772+i(v)
j, h`Mb7Q`K v iQ M B/2MiBiv #v BMM2` +QHmKM QT2`iBQMb QM M X
9, 7Q` HH v′ ∈ V ′ /Q `Qrn7Bt(v′)
R, 7mM+iBQM `Qrn7BtUvV
k, V ′ ← `QrnbB/2n2772+i(v)
j, h`Mb7Q`K v iQ M B/2MiBiv #v BMM2` `Qr QT2`iBQMb QM M X
9, 7Q` HH v′ ∈ V ′ /Q +QHn7Bt(v′)
AM T`i i?`22- i?2 #HQ+F Ki`Bt T`iBiBQMBM; Bb mT/i2/ iQ BbQHi2 i?2 B/2MiBiv #HQ+Fb
EX "Qi? i?2 `Qr M/ +QHmKM Q7 v∗ `2 bTHBi BMiQ irQX q2 Q#iBM
M ∼= · · · 3.=
∗ ∗ E 0
∗ ∗ 0 0
∗ ∅ E 0
∗ ∅ 0 E
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦.
"2+mb2 v∗ ?b  +QHmKM M2B;?#Q` E- i?2 #QiiQK `Qr Kmbi HbQ #2 bTHBi iQ BbQHi2 i?2
T`ib Q7 i?2 QH/ B/2MiBiv #HQ+FX
6BMHHv- r2 /Bb+mbb T`i 7Qm`X PM2 bBKTH2 +b2 7Q`  i`;2i #HQ+F vt iQ #2 2`b#H2 Bb
r?2M vt = (r, c) ?b  +QHmKM M2B;?#Q` B/2MiBiv #HQ+F vE = (r′, c) i?i ?b MQ MQMx2`Q
`Qr M2B;?#Q`b- M/ bm+? i?i `Qr QT2`iBQMb 7`QK `Qr r′ iQ `Qr r `2 T2`KBbbB#H2X lbBM;
k8
*?Ti2` jX Ji`Bt J2i?Q/
T2`KBbbB#H2 `Qr QT2`iBQMb- i?2 #HQ+F vt +M #2 x2`Q2/ Qmi #v //BiBQM Q7  KmHiBTH2 Q7
i?2 B/2MiBiv #HQ+F vEX  bBKBH` bii2K2Mi ?QH/b B7 i?2`2 2tBbib  `Qr M2B;?#Q` B/2MiBiv
#HQ+F vE biBb7vBM; bBKBH` +QM/BiBQMbX
h?2 +b2b #Qp2 T`2b2Mi MQ bB/2 2z2+ibX AM ;2M2`H- x2`QBM; Qmi i?2 i`;2i #HQ+F vt #v
//BiBQM Q7 KmHiBTH2b Q7  `Qr U+QHmKMV Kv +?M;2 i?2 7Q`Kb Q7 Qi?2` T`Q+2bb2/ #HQ+FbX
q2 b2T`i2 i?2 +b2b Q7 `Qr M/ +QHmKM 2`b#BHBiv BM H;Q`Bi?K 9X
H;Q`Bi?K 9
R, 7mM+iBQM 2`b#H2Uvt- vf 4 MmHH- visited = {}V
k, B7 `Qrn2`b#H2Uvt- vf - visitedV Bb MQi MmHH i?2M
j, `2im`M `Qrn2`b#H2Uvt- vf - visitedV
9, 2Hb2 B7 +QHn2`b#H2Uvt- vf - visitedV Bb MQi MmHH i?2M
8, `2im`M +QHn2`b#H2Uvt- vf - visitedV
e, 2Hb2
d, `2im`M MmHH
AM x2`QBM; Qmi i?2 i`;2i vt- r2 pQB/ +?M;BM; i?2 7Q`K Q7 Mv T`2pBQmbHv Q#iBM2/
B/2MiBiv #HQ+FX Ai Bb HbQ TQbbB#H2 i?i  x2`Q #HQ+F v′t Kv #2+QK2 MQMx2`Q b  bB/2
2z2+iX h?2 H;Q`Bi?K 2Mbm`2b i?i B7 i?Bb Q++m`b- i?2M v′t +M M/ rBHH #2 i`Mb7Q`K2/
#+F iQ 0 ;BMX Ai2`iBp2Hv- `2TB`BM; i?2b2 bB/2 2z2+ib Kv BMi`Q/m+2 KQ`2 bB/2 2z2+ibX
h?2`27Q`2- r2 `2+m`bBp2Hv +HH QM Qm` +?2+F 7Q` 2`b#BHBiv QM 2+? bB/2 2z2+iX hQ pQB/
Mv BM}MBi2 `2+m`bBQM- r2 F22T i`+F Q7 i?2 i`;2ib vt pBbBi2/- M/ pBbBi 2+? #HQ+F b 
i`;2i i KQbi QM+2 7Q` 2+? iQT@H2p2H +HH iQ 2`b#H2X
A7 i?2 +QM/BiBQMb #Qp2 +M #2 biBb}2/- i?2M i?2 7mM+iBQM 2`b#H2 `2im`Mb  }MBi2
/B`2+i2/ i`22- +HH2/ i?2 T`Q+2bb i`22- r?B+? `2+Q`/b i?2 T`Q+2/m`2 iQ x2`Q Qmi vtX 1+?
p2`i2t BM  T`Q+2bb i`22 Bb H#2H2/ rBi?  TB` (vt, vE) Q7  i`;2i #HQ+F M/ M B/2MiBiv
#HQ+F i?i +M #2 mb2/ iQ x2`Q Qmi vtX h?2 bm++2bbQ` p2`iB+2b (v′t, v′E) Q7  p2`i2t (vt, vE)
+QMbBbi Q7 HH v′t i?i TT2` b bB/2 2z2+ib BM i?2 QT2`iBQM iQ x2`Q Qmi vt mbBM; vEX
A7 MQ bm+? T`Q+2/m`2 +M #2 7QmM/- i?2M 2`b#H2 `2im`Mb  MmHH U2KTivV T`Q+2bb
i`22X h?Bb K2Mb i?i i?2 #HQ+F BM [m2biBQM Bb /2+H`2/ b MQi #2BM; 2`b#H2 BM i?2
+m``2Mi bi2T Q7 i?2 H;Q`Bi?KX
L2ti- r2 /Bb+mbb /2iBHb Q7 `Qrn2`b#H2 BM H;Q`Bi?K 8X AM GBM2 k- i?2 7mM+iBQM
+QHnbB/2n2772+i(vt) Bb mb2/ iQ Q#iBM +M/B/i2 B/2MiBiv #HQ+Fb vEX q2 +QMbB/2` QMHv
mMpBbBi2/ #HQ+Fb vE r?2`2 i?2 `Qr QT2`iBQM 7`QK vE iQ vt Bb T2`KBbbB#H2- M/ r?2`2 vE
Bb MQi i?2 ~;;2/ #HQ+F vf X Aib Tm`TQb2 Bb +H`B}2/ #2HQrX
LQr- MQMx2`Qn`QrnM2B;?#Q`b(vE) Bb /2}M2/ iQ `2im`M i?2 b2i Q7 `Qr M2B;?#Q`b
u Q7 vE i?i `2 M2Bi?2` x2`Q MQ` bi`QM;Hv x2`QX 1+? u +M TQi2MiBHHv BM/m+2  bB/2
2z2+i- r?B+? r2 +?2+F QM2 #v QM2X hQ BHHmbi`i2- +QMbB/2` i?2 7QHHQrBM; ``M;2K2Mi
XXX XXX
· · · u · · ·vE · · ·XXX XXX
· · · v′t · · · vt · · ·XXX XXX
⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦
r1
r2
ke
jXkX H;Q`Bi?K
H;Q`Bi?K 8 *?2+F r?2i?2` Q` MQi vt Bb `Qr 2`b#H2 rBi?Qmi mbBM; #HQ+F vf X
R, 7mM+iBQM `Qrn2`b#H2Uvt- vf - visitedV
k, V ′ 4 +QHnbB/2n2772+iUvtV
j, visited← visited ∪ { vt }
9, 7Q` HH vE ∈ V ′ MQi BM visited- vE ̸= vf - M/ `Qr QT2`iBQM 7`QK vE iQ vt
T2`KBbbB#H2 /Q
8, usable← i`m2c subtrees← {}
e, 7Q` HH u ∈ MQMx2`Qn`QrnM2B;?#Q`bUvEV /Q
d, v′t ← i?2 #HQ+F BM bK2 `Qr b vt M/ bK2 +QHmKM b uX
3, B7 v′t Bb BM visited Q` v′t = E i?2M
N, usable← 7Hb2c #`2F
Ry, B7 Uv′t = 0 M/ (p← 2`b#H2(v′t, u, visited)) = MmHHV i?2M
RR, usable← 7Hb2c #`2F
Rk, subtrees← subtrees ∪ {p}X
Rj, B7 usable i?2M
R9, `2im`M T`Q+2bb i`22 rBi? `QQi (vt, vE) M/ ``Qrb iQ i?2 `QQib Q7
subtreesX
R8, `2im`M MmHH
r?2`2 vE Bb i?2 B/2MiBiv #HQ+F mM/2` +QMbB/2`iBQMX >2`2- u Bb  MQMx2`Q `Qr M2B;?#Q`
Q7 vEX aBM+2 r2 rMi iQ // KmHiBTH2b Q7 `Qr r1 iQ r2 iQ x2`Q Qmi vt- i?2 #HQ+F v′t BM i?2
bK2 `Qr r2 b vt M/ i?2 bK2 +QHmKM b u UGBM2 dV KB;?i ?p2 Bib 7Q`K z2+i2/X
h?2 M2ti 72r HBM2b ?M/H2 i?2 +?2+FBM; Q7 #HQ+F v′tX A7 i?2 #HQ+F v′t Bb M B/2MiBiv #HQ+F-
Q` B7 Bi ?b H`2/v #22M pBbBi2/ T`2pBQmbHv- i?2M r2 /Q MQi mb2 `Qr r1X A7 i?2 #HQ+F v′t Bb
x2`Q- r2 Kmbi +?2+F r?2i?2` Q` MQi Bi +M #2 i`Mb7Q`K2/ #+F iQ x2`Q ;BMX >2`2- i?2
~; vf +QK2b BMiQ THvX q2 b2i i?2 ~;;2/ #HQ+F b vf = u BM i?2 +HH iQ 2`b#H2 BM
GBM2 Ry- #2+mb2 r2 /Q MQi rMi iQ mb2 u iQ x2`Q Qmi v′t- i?2`2#v mM/QBM; i?2 QT2`iBQMb
iQ x2`Q Qmi vtX
A7  MQM2KTiv T`Q+2bb i`22 Bb `2im`M2/ #v i?2 iQT@H2p2H +HH iQ 2`b#H2(vt) BM H;Q@
`Bi?K R- i?2M vt Bb 2`b#H2X "v +QMbi`m+iBQM- Bi bm{+2b iQ i`p2`b2 i?2 T`Q+2bb i`22 M/
/Q i?2 QT2`iBQMb BM/B+i2/ iQ x2`Q Qmi vt M/ }t HH bB/2 2z2+ibX
G2i mb bii2 ?2`2 i?2 KBM i?2Q`2K +QM+2`MBM; H;Q`Bi?K RX
h?2Q`2K jXkXjX bbmK2 H;Q`Bi?K R Bb +HH2/ rBi? i?2 #HQ+F Ki`Bt T`Q#H2K +Q``2@
bTQM/BM; iQ  T2`bBbi2M+2 KQ/mH2 M QM  +QKKmiiBp2 H//2` Q7 }MBi2 ivT2X h?2M
H;Q`Bi?K R i2`KBMi2b BM }MBi2 bi2Tb M/ i?2 BMTmi Ki`Bt Bb i`Mb7Q`K2/ iQ M BbQKQ`@
T?B+ #HQ+F Ki`Bt +QMbBbiBM; QMHv Q7 B/2MiBiv- x2`Q- M/ bi`QM;Hv x2`Q #HQ+Fb- M/ r?Qb2
BM/2+QKTQb#H2 /2+QKTQbBiBQM +Q``2bTQM/b iQ M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 M X
q?2i?2` Q` MQi H;Q`Bi?K R i2`KBMi2b /2T2M/b MQi QM i?2 T`iB+mH` T2`bBbi2M+2
KQ/mH2- #mi QM i?2 biimb2b Q7 i?2 #HQ+Fb M/ i?2 biimb +?M;2b #`Qm;?i #Qmi #v i?2
QT2`iBQMbX JQ`2Qp2`- i?2 QT2`iBQMb iQ #2 T2`7Q`K2/ /2T2M/ QMHv QM i?2 ``M;2K2Mi
Q7 i?2 biimb2bX HH i?2b2 /2T2M/ QMHv QM i?2 BMBiBH ``M;2K2Mi- r?B+? BM im`M /2T2M/b
QM i?2 Q`B2MiiBQM τn M/ i?2 Q`/2`BM; +?Qb2M 7Q` i?2 BMi2`pHbX
kd
*?Ti2` jX Ji`Bt J2i?Q/
H;Q`Bi?K e *?2+F r?2i?2` Q` MQi vt Bb +QHmKM 2`b#H2 rBi?Qmi mbBM; #HQ+F vf X
R, 7mM+iBQM +QHn2`b#H2Uvt- vf - visitedV
k, V ′ 4 `QrnbB/2n2772+iUvtV
j, visited← visited ∪ { vt }
9, 7Q` HH vE ∈ V ′ MQi BM visited- vE ̸= vf - M/ +QHmKM QT2`iBQM 7`QK vE iQ vt
T2`KBbbB#H2 /Q
8, usable← i`m2c subtrees← {}
e, 7Q` HH u ∈ MQMx2`Qn+QHnM2B;?#Q`bUvEV /Q
d, v′t ← i?2 #HQ+F BM bK2 +QHmKM b vt M/ bK2 `Qr b uX
3, B7 v′t Bb BM visited Q` v′t = E i?2M
N, usable← 7Hb2c #`2F
Ry, B7 Uv′t = 0 M/ (p← 2`b#H2(v′t, u, visited)) = MmHHV i?2M
RR, usable← 7Hb2c #`2F
Rk, subtrees← subtrees ∪ {p}X
Rj, B7 usable i?2M
R9, `2im`M T`Q+2bb i`22 rBi? `QQi (vt, vE) M/ ``Qrb iQ i?2 `QQib Q7
subtreesX
R8, `2im`M MmHH
6`QK  `2bmHi BM (Re)-  +QKKmiiBp2 H//2` CL(τn) Bb }MBi2 ivT2 B7 M/ QMHv B7 n ≤ 4-
bQ i?i i?2`2 `2 QMHv  }MBi2 MmK#2` Q7 +b2b iQ +?2+FX "2HQr- r2 T`QpB/2 T`QQ7b 7Q`
h?2Q`2K jXkXj rBi? Q`B2MiiBQMb b- bf - M/ bfbX h?2 T`QQ7b 7Q` i?2 Qi?2` Q`B2MiiBQMb
`2 bBKBH`X
6m`i?2`KQ`2- M BM/2+QKTQb#H2 /2+QKTQbBiBQM +M 2bBHv #2 `2/ Qz i?2 `2bmHiBM;
MQ`KH 7Q`K +QMbBbiBM; Q7 QMHv B/2MiBiv- x2`Q- M/ bi`QM;Hv x2`Q #HQ+FX *Q``2bTQM/2M+2
iQ M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 M Bb T`QpB/2/ #v h?2@
Q`2K jXRXRX
q2 r2`2 mM#H2 iQ }M/  T`QQ7 i?i /Q2b MQi BMpQHp2 KMmH +?2+FBM; Q7 2+? TQbbB#H2
Q`B2MiiBQMX :Bp2M  T`iB+mH` T2`bBbi2M+2 KQ/mH2- Bi Bb +H2` i?i 7Q` 2+? +QKTH2i2/
Bi2`iBQM Q7 i?2 KBM r?BH2 HQQT BM H;Q`Bi?K R- i?2 iQiH MmK#2` Q7 b+H` 2Mi`B2b BM
mMT`Q+2bb2/ #HQ+Fb bi`B+iHv /2+`2b2bX JQ`2Qp2`- i?2 T`Q+2/m`2 2`b#H2 pQB/b Mv
BM}MBi2 `2+m`bBQM #v +QMbi`m+iBQMX h?2 /B{+mHiv +QK2b 7`QK i?2 mb2 Q7 H;Q`Bi?K R-
GBM2 j 7Q` +?QQbBM; v∗ M/ bm#b2[m2MiHv b?QrBM; i?i HH bB/2 2z2+ib +M Hrvb #2
`2bQHp2/X
*b2 CL2(b)
h?2 BMTmi #HQ+F Ki`Bt T`Q#H2K Bb ;2M2`HHv Q7 i?2 7QHHQrBM; 7Q`KX
∅ ∗ ∗
∗ ∗ ∅
∗ ∅ ∅
⎡⎢⎣
⎤⎥⎦2:21:2
1:1
1:1 1:2 2:2
k3
jXkX H;Q`Bi?K
AMBiBHHv- HH iQT iQ #QiiQK M/ H27i iQ `B;?i QT2`iBQMb `2 BKT2`KBbbB#H2X h?2 `2/ ``Qrb
BM/B+i2 i?2 //BiBQMH BKT2`KBbbB#H2 QT2`iBQMbX
6B`bi i?2 mMT`Q+2bb2/ #HQ+F i v∗ = (2:2, 2:2) Bb i`Mb7Q`K2/ #v BMM2` 2H2K2Mi`v
QT2`iBQMb iQ aKBi? MQ`KH 7Q`K [ E 00 0 ]X 6m`i?2`KQ`2- v∗ ?b MQ B/2MiBiv M2B;?#Q`, MQ
bB/2 2z2+ib 2tBbi iQ mM/QX
lT/iBM; i?2 #HQ+F T`iBiBQMBM;- i?2 Ki`Bt Bb MQr BM i?2 7Q`K
∅ ∗ E 0
∅ ∗ 0 0
∗ ∗ ∅ ∅
∗ ∅ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:21
2:22
1:2
1:1
1:1 1:2 2:212:22
.
6Q` +QMp2MB2M+2- r2 mb2 bm#b+`BTib iQ /BbiBM;mBb? i?2 irQ +QHmKMb M/ `Qrb +Q``2bTQM/@
BM; iQ 2:2 Q#iBM2/ 7i2` i?2 `2T`iBiBQMBM;X //BiBQMb 7`QK i?2 +QHmKMb BM 2:21 iQ i?2
+QHmKMb BM 1:2 `2 T2`KBii2/X h?2 mMT`Q+2bb2/ bm#Ki`Bt (2:21, 1:2) Bb 2`b#H2 mbBM;
i?2 M2rHv T`Q+2bb2/ E- rBi? MQ bB/2 2z2+ibX h?2`2#v- QM2 Q#iBMb i?2 7Q`K
∅ 0 E 0
∅ ∗ 0 0
∗ ∗ ∅ ∅
∗ ∅ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:21
2:22
1:2
1:1
1:1 1:2 2:212:22
∼=
∅ ∗
∗ ∗
∗ ∅
⎡⎢⎣
⎤⎥⎦2:221:2
1:1
1:1 1:2 ⊕
E
[ ]
2:21
2:21 ⊕
[ ]
2:22
UjX8V
r?B+? r2 ?p2 2tT`2bb2/ b  /B`2+i bmK Q7 #HQ+F Ki`B+2bX
>2`2- irQ BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 CL2(b) +M #2 2ti`+i2/X h?2 B/2MiBiv
bm#Ki`Bt E BM (2:21, 2:21) Bb
Ef 2:22:2 =
⎡⎢⎢⎢⎣
1f 2:22:2 0 . . . 0
0 1f 2:22:2 . . . 0XXX XXX X X X XXX
0 0 . . . 1f 2:22:2
⎤⎥⎥⎥⎦
r?2`2
f 2:22:2 =
0 K
0 K
idK , UjXeV
b BM i?2 T`QQ7 Q7 G2KK jXRXjX
oB i?2 BbQKQ`T?BbK 7mM+iQ` F BM h?2Q`2K jXRXR- i?2 ``Qr f 2:22:2 BM 1[X UjXeV +M
#2 `2;`/2/ b i?2 +Q``2bTQM/BM; `2T`2b2MiiBQM F−1(f 2:22:2 )X h?Bb Bb BM/2+QKTQb#H2X
*QMb2[m2MiHv- Ef 2:22:2 +Q``2bTQM/b iQ  /B`2+i bmK Q7 m +QTB2b Q7 i?2 `2T`2b2MiiBQM BM
1[X UjXeV- r?2`2 m `2T`2b2Mib i?2 bBx2 Q7 EX
h?2 i?B`/ i2`K BM 1[X UjX8V Bb M 2KTiv Ki`Bt rBi? 0 `Qrb- M/ `2T`2b2Mib i?2 ``Qr
0 : I[2, 2]m1 → 0 BM repA2(b)- r?2`2 m1 `2T`2b2Mib i?2 MmK#2` Q7 K@p2+iQ` +QHmKMb
kN
*?Ti2` jX Ji`Bt J2i?Q/
BM 2:22X "v i?2 BbQKQ`T?BbK- i?Bb +Q``2bTQM/b iQ  /B`2+i bmK Q7 m1 +QTB2b Q7 i?2
BM/2+QKTQb#H2 `2T`2b2MiiBQM,
0 0
0 K
.
LQr- i?2 `Qr 2:21 M/ +QHmKMb 2:21, 2:22 BM i?2 #HQ+F Ki`Bt 1[X UjX8V rBHH M2Bi?2`
z2+i MQ` #2 z2+i2/ #v bm#b2[m2Mi QT2`iBQMbX h?2`27Q`2- r2 ?B/2 i?2K 7`QK i?2 #HQ+F
Ki`BtX h?2 mMT`Q+2bb2/ #HQ+F (1:2, 1:2) Bb M2ti i`Mb7Q`K2/ iQ aKBi? MQ`KH 7Q`K iQ
Q#iBM i?2 7QHHQrBM;X
∅ ∗
∗ ∗
∗ ∅
⎡⎢⎣
⎤⎥⎦2:21:2
1:1
1:1 1:2
∼=
∅ ∗ ∗
∗ E 0
∗ 0 0
∗ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:2
1:21
1:22
1:1
1:1 1:211:22
.
q2 b22 i?i (2:2, 1:21) Bb 2`b#H2 mbBM; (1:21, 1:21)X h?2 +?2+FBM; pB `Qrn2`b#H2
BM H;Q`Bi?K 8 T`Q+22/b b 7QHHQrbX q?2`2b u = (1:21, 1:1) Bb  MQMx2`Q `Qr M2B;?#Q` Q7
E- i?2 +QKTmi2/ TQi2MiBH bB/2 2z2+i Bb v′t = (2:2, 1:1)X aBM+2 v′t Bb bi`QM;Hv x2`Q- //BiBQM
7`QK `Qr 1:21 rBHH MQi z2+i BiX
aBKBH`Hv- (1:21, 1:1) Bb 2`b#H2X 7i2` x2`QBM; Qmi 2`b#H2 #HQ+Fb- QM2 Q#iBMb
∅ 0 ∗
∗ E 0
∗ 0 0
∗ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:2
1:21
1:22
1:1
1:1 1:211:22
M/ i?2M
∅ 0 ∗
0 E 0
∗ 0 0
∗ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:2
1:21
1:22
1:1
1:1 1:211:22
.
h?2 B/2MiBiv bm#Ki`Bt E BM (1:21, 1:21) +Q``2bTQM/b iQ +QTB2b Q7 i?2 BM/2+QKTQb#H2
`2T`2b2MiiBQM
K K
K K
b /B`2+i bmKKM/bX
PM+2 ;BM r2 ##`2pBi2 i?2 #HQ+F Ki`Bt b
∅ ∗
∗ 0
∗ ∅
⎡⎢⎣
⎤⎥⎦2:21:2
1:1
1:1 1:2
M/ i?2M
∅ E 0
∅ 0 0
∗ 0 0
∗ ∅ ∅
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦
2:21
2:22
1:2
1:1
1:1 1:211:22
7i2` i`Mb7Q`KBM; i?2 M2ti i`;2i (2:2, 1:2) iQ aKBi? MQ`KH 7Q`KX h?2 B/2MiBiv bm#K@
i`Bt BM (2:21, 1:21)- i?2 `Qr 2:22- M/ i?2 +QHmKM 1:22 `2bT2+iBp2Hv +Q``2bTQM/ iQ +QTB2b
jy
jXkX H;Q`Bi?K
Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 0111- 0100- M/ 0011 b /B`2+i
bmKKM/bX
q?i `2KBMb Bb i?2 7Q`K ∗∗
[ ]
1:2
1:1
1:1
- 7`QK r?B+? QM2 Q#iBMb
0 ∗
E 0
0 0
⎡⎢⎣
⎤⎥⎦1:21:11
1:12
1:111:12
7i2` i`Mb7Q`KBM; i?2 M2ti i`;2i (1:1, 1:1) iQ MQ`KH 7Q`K- M/ x2`QBM; Qmi 2`b#H2
#HQ+FbX h?2 B/2MiBiv bm#Ki`Bt (1:11, 1:11) M/ i?2 `Qr 1:12 `2bT2+iBp2Hv +Q``2bTQM/ iQ
+QTB2b Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 1010 M/ 1000X
##`2pBiBM; ;BM- r2 `2 H27i rBi? ∗[ ]1:2 1:1 X h`Mb7Q`KBM; i?2 Hbi i`;2i (1:2, 1:1)
iQ MQ`KH 7Q`K vB2H/b
E 0
0 0
[ ]
1:21
1:22
1:111:12
.
h?2 B/2MiBiv bm#Ki`Bt (1:21, 1:11)- i?2 `Qr 1:22- M/ i?2 +QHmKM 1:12 `2bT2+iBp2Hv +Q`@
`2bTQM/ iQ +QTB2b Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 1110- 1100-
M/ 0010X
"v i?Bb TQBMi- HH TQbbB#H2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 CL2(b) ?p2 #22M Q#@
iBM2/X h?Bb `2bmHi +M #2 +QM}`K2/- 7Q` 2tKTH2- #v +?2+FBM; rBi? i?2 mbHM/2`Ĝ
_2Bi2M [mBp2` Q7 CL2(b)X :Bp2M  T`iB+mH` T2`bBbi2M+2 KQ/mH2 M QM CL2(b)- i?2 H@
;Q`Bi?K ;Bp2b i?2 KmHiBTHB+BiB2b Q7 2+? Q7 i?2b2 BM/2+QKTQb#H2b BM M BM/2+QKTQb#H2
/2+QKTQbBiBQM Q7 M X
*b2 CL3(bf)
h?2 BMTmi #HQ+F Ki`Bt Bb ;Bp2M BM 1tKTH2 jXkXkX
Hi?Qm;? i?2 T`2b2M+2 Q7 BKT2`KBbbB#H2 QT2`iBQMb +mb2/ MQ MQiB+2#H2 +QKTHB+@
iBQMb BM i?2 +b2 Q7 CL2(b)- BM ;2M2`H i?Bb Bb MQi bQX 6Q` #2ii2` `2/#BHBiv- QMHv i?2
`2H2pMi BKT2`KBbbB#H2 QT2`iBQMb i 2+? bi2T `2 BM+Hm/2/ #2HQrX 1+? MmK#2`2/ bi2T
+Q``2bTQM/b iQ QM2 Tbb Q7 i?2 Qmi2` r?BH2 HQQT BM H;Q`Bi?K RX
RX i i?2 }`bi HQQT- v∗ Bb (2:2, 2:2)X
jR
*?Ti2` jX Ji`Bt J2i?Q/
V h`Mb7Q`K (2:2, 2:2) iQ aKBi? MQ`KH 7Q`K- ;BpBM; i?2 #HQ+F Ki`Bt
∅ ∅ ∗ ∗ ∗ E 0
∅ ∅ ∗ ∗ ∗ 0 0
∅ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2 2:212:22
.
#V w2`Q Qmi i?2 #HQ+Fb (2:21, 1:3)- (2:21, 2:3)- M/ (2:21, 1:2) #v i?2 B/2MiBiv bm#K@
i`Bt i (2:21, 2:21),
∅ ∅ 0 0 0 E 0
∅ ∅ ∗ ∗ ∗ 0 0
∅ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2 2:212:22
.
+V h?2 B/2MiBiv bm#Ki`Bt (2:21, 2:21) M/ i?2 +QHmKMb BM 2:22 ;Bp2 +QTB2b Q7 BM/2@
+QKTQb#H2 `2T`2b2MiiBQMb BbQKQ`T?B+ iQ
0 K 0
0 K 0
M/
0 0 0
0 K 0
+Q``2bTQM/BM; iQ i?2 p2`iB+2b 010010 M/ 000010 BM 6B;m`2 kXRX
/V q2 `2 H27i rBi?
∅ ∅ ∗ ∗ ∗
∅ ∗ ∗ ∅ ∗
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦
2:2
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2
.
kX L2ti- v∗ Bb (1:2, 1:2)X h?2 /B`2+i bmKKM/b rBi? /BK2MbBQM p2+iQ` 110110 +M #2 2ti`+i2/
jk
jXkX H;Q`Bi?K
BM i?2 bK2 rvX h?2 #HQ+F Ki`Bt Bb MQr
∅ ∅ ∗ ∗ ∗
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦
2:2
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2
.
jX >2`2- v∗ Bb (2:2, 1:2)X 7i2` i`Mb7Q`KBM; v∗ iQ aKBi? MQ`KH 7Q`K- i?2 #HQ+F Ki`Bt
Bb
∅ ∅ ∗ ∗ E 0
∅ ∅ ∗ ∗ 0 0
∅ ∗ ∗ ∅ 0 0
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:211:22
M/ i?2M
∅ ∅ 0 ∗ E 0
∅ ∅ ∗ ∗ 0 0
∅ ∗ ∗ ∅ 0 0
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:211:22
.
q?2`2b i?2 #HQ+F (2:21, 1:3) Bb 2`b#H2- (2:21, 2:3) Bb MQi 2`b#H2 bQ 7`- #2+mb2
+QHmKM QT2`iBQMb 7`QK 1:21 iQ 2:3 Bb BKT2`KBbbB#H2X .B`2+i bmKKM/b rBi? i?2
/BK2MbBQM p2+iQ` 000110 +M #2 2ti`+i2/- M/ r2 `2 H27i rBi?
∅ ∅ 0 ∗ E
∅ ∅ ∗ ∗ 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2
.
9X h`Mb7Q`KBM; v∗ = (2:3, 2:3)- r2 Q#iBM
∅ ∅ 0 ∗ ∗ E
∅ ∅ ∗ ∗ ∗ 0
∅ ∗ ∗ ∅ ∅ 0
∗ ∅ ∗ E 0 ∅
∗ ∅ ∗ 0 0 ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:31
2:32
1:3
1:1
3:3
3:3 1:1 1:3 2:312:32 1:2
.
jj
*?Ti2` jX Ji`Bt J2i?Q/
Ai Bb `2/BHv TT`2Mi i?i i?2 #HQ+Fb (2:22, 2:31) M/ (2:31, 3:3) `2 2`b#H2 #v i?2
B/2MiBiv (2:31, 2:31) rBi?Qmi Mv +QM+2`Mb Q7 bB/2 2z2+ibX JQ`2Qp2` i i?Bb TQBMi-
i?2 `2+m`bBp2 +?2+FBM; Q7 2`b#BHBiv BM H;Q`Bi?K 8 M/ e rQ`Fb r2HHc i?2 #HQ+F
vt = (2:21, 2:31) Bb HbQ 2`b#H2 pB i?2 7QHHQrBM; T`Q+2/m`2bX w2`QBM; vt Qmi #v
//BiBQMb 7`QK i?2 B/2MiBiv (2:31, 2:31)- i?2 T`Q+2bb2/ #HQ+F (2:21, 1:3) Kv #2+QK2
MQMx2`Q #v bB/2 2z2+i rBi? (2:31, 1:3)X >Qr2p2`- (2:21, 1:3) +M #2 x2`Q2/ Qmi ;BM #v
//BiBQMb 7`QK i?2 B/2MiBiv (2:21, 1:2)X aBKBH`Hv- i?2 #HQ+F (2:31, 1:3) Bb HbQ 2`b#H2X
q2 i?mb 2ti`+i i?2 /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ` 011011- M/ ?p2 i?2
#HQ+F Ki`Bt
∅ ∅ 0 ∗ E
∅ ∅ ∗ ∗ 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ 0 ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2
.
8X v∗ Bb (2:22, 2:3)- M/ BM i?2 bK2 KMM2`- /B`2+i bmKKM/b 010011 +M #2 2ti`+i2/X
∅ ∅ 0 ∗ E
∅ ∅ ∗ 0 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ 0 ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:3 1:2
eX h`Mb7Q`KBM; v∗ = (2:21, 2:3)- i?2M i?2 `Qr M2B;?#Q` (2:21, 1:2) Kv MQi #2 i?2 B/2M@
iBivX h?2 7mM+iBQM +QHn7Bt Bb +HH2/ iQ i`Mb7Q`K Bi iQ M B/2MiBiv ;BM- i?2M r2
Q#iBM,
∅ ∅ 0 E 0 E 0
∅ ∅ 0 0 0 0 E
∅ ∅ ∗ 0 0 0 0
∅ ∗ ∗ ∅ ∅ 0 0
∗ ∅ ∗ 0 0 ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
2:23
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:312:321:211:22
.
j9
jXkX H;Q`Bi?K
h?2 #HQ+F Ki`Bt ?b i?2 7QHHQrBM; /2+QKTQbBiBQM
∅ ∅ 0 E 0 E 0
∅ ∅ 0 0 0 0 E
∅ ∅ ∗ 0 0 0 0
∅ ∗ ∗ ∅ ∅ 0 0
∗ ∅ ∗ 0 0 ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
2:23
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3 2:312:321:211:22
∼=
∅ ∅ ∗
∅ ∗ ∗
∗ ∅ ∗
∗ ∗ ∗
∅ ∗ ∅
∗ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦
2:23
1:2
2:3
1:3
1:1
3:3
3:3 1:1 1:3
⊕
E E
[ ]
2:21
2:311:21 ⊕
E
[ ]
2:22
1:22 ⊕
[ ]
2:32
.
h?2 2ti`+i2/ i?B`/ M/ 7Qm`i? i2`Kb `2 010110 M/ 000011X h?2 b2+QM/ /B`2+i bmKKM/ Bb
+QTB2b Q7 i?2 ``Qr [ f 2:22:3 f 2:21:2 ] : I[2, 3]⊕ I[1, 2]→ I[2, 2]X h?`Qm;? i?2 BbQKQ`T?BbK
BM h?2Q`2K jXRXR- 2+? ``Qr Bb BbQKQ`T?B+ iQ i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQM
rBi? i?2 /BK2MbBQM p2+iQ` 010121 ;Bp2M BM 1[X UkX9VX
dX h?2 T`Q+2/m`2b 7`QK i?Bb bi2T `2 2t2+mi2/ BM  bBKBH` rv r2 ?p2 /QM2- M/ QM2
Q#iBMb /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ`b 111111- 110111- 010111- 000111- 010000- 121111- 011111- 100100-
100
000- 110100- 000100- 110000- 001001- 001000- 111001- 111000- 111101- 111100- 011001- 011000- M/ 000001X
*b2 CL4(bfb)
M 2`b#H2 B/2MiBiv #HQ+F +QMbB/2`2/ BM H;Q`Bi?K 9 ?b MQi TT2`2/ v2iX b M
2tKTH2 Q7 i?Bb Bbbm2- H2i mb ;Bp2  [mB+F T`QQ7 7Q` CL4(bfb)- r?2`2 bm+? M Bbbm2 `Bb2b
/m`BM; i?2 T`Q+2/m`2b QM M mMT`Q+2bb2/ #HQ+F BM i?2 +QHmKM 2:3X
h?2 BMTmi #HQ+F Ki`Bt Bb ;2M2`HHv Q7 i?2 7Q`K
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∗
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:2
4:4
1:2
2:4
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2 4:4 2:2
.
6Q` i?2 bi2Tb bBKBH` iQ i?Qb2 H`2/v /QM2 BM 2`HB2` +b2b- r2 QMHv T`QpB/2 i?2 #HQ+F
Ki`Bt 7Q`K 7i2` b2[m2M+2b Q7 QT2`iBQMb 7Q` 2+? +QHmKM b:dX
j8
*?Ti2` jX Ji`Bt J2i?Q/
RX S`Q+2/m`2b QM +QHmKM 2:2 vB2H/ /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ`b 01000100 M/
0000
0100- H2pBM; i?2 #HQ+F Ki`Bt 7Q`K T`2b2Mi2/ #2HQrX
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅ ∗
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗ ∅
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:2
4:4
1:2
2:4
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2 4:4
kX L2ti Bb i?2 +QHmKM 4:4- 2ti`+iBM; 00010001 M/ 00000001 M/ vB2H/BM; i?2 7QHHQrBM; 7Q`KX
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:2
4:4
1:2
2:4
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
jX h?2 bm#b2[m2Mi +QHmKM Bb 1:2- 2ti`+iBM; 11001100 M/ 00001100X PM2 Q#iBMb i?2 #HQ+F Ki`Bt
∅ ∅ ∅ 0 ∗ 0 ∗ E
∅ ∅ ∅ ∗ ∗ ∗ ∗ 0
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ 0
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
4:4
1:2
2:4
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
,
r?2`2 +QHmKM QT2`iBQMb 7`QK 1:2 iQ 2:3 M/ iQ 2:4 `2 BKT2`KBbbB#H2X
je
jXkX H;Q`Bi?K
9X LQr Qm` i`;2i +QHmKM Bb 2:4X AM  bBKBH` +b2 b /Bb+mbb2/ BM i?2 +b2 Q7 CL3(bf)-
BM/2+QKTQb#H2 M2B;?#Q`BM; irQ B/2MiBiv #HQ+Fb rBHH TT2` QM i?2 T`Q+2bb r?2M
v∗ = (2:21, 2:42)X Hi?Qm;? (2:21, 2:42) Bb +?Qb2M b i?2 i`;2i v∗ irB+2 /m`BM; i?2
T`Q+2/m`2b QM i?Bb +QHmKM- i?2 Bbbm2 ?TT2Mb i i?2 }`bi iBK2X h?2 #HQ+F Bb Q7 i?2
7Q`K E E[ ]2:21 2:421:21 - 2tT`2bb2/ #v i?2 /BK2MbBQM p2+iQ` 01001211X
6m`i?2`KQ`2 BM i?Bb +QHmKM- QM2 Q#b2`p2b BM/2+QKTQb#H2 M2B;?#Q`BM; i?`22 B/2M@
iBiv #HQ+Fb E E
E ∅
[ ]
2:21
4:42
2:421:21
i i?2 b2+QM/ iBK2 Q7 v∗ = (2:21, 2:42)X h?Bb Bb BbQKQ`T?B+ iQ
+QTB2b Q7 i?2 BM/2+QKTQb#H2 T2`bBbi2M+2 KQ/mH2
0 K 0 K
K K2 K K
[ 1 0 ]
[ 1 1 ]
[ 0 1 ] id
id ,
M/ 2tT`2bb2/ #v i?2 /BK2MbBQM p2+iQ` 01011211X
7i2` HH i?2 T`Q+2/m`2b QM i?Bb +QHmKM- r2 Q#iBM 01110111- 01000111- 01001211- 00000111- 01011211- M/ 00010111X
h?2 #HQ+F Ki`Bt 7Q`K Bb MQr
∅ ∅ ∅ 0 ∗ 0 0 E
∅ ∅ ∅ 0 0 ∗ E 0
∅ ∅ ∅ ∗ ∗ ∗ 0 0
∅ ∅ 0 ∅ ∅ 0 E ∅
∅ ∅ ∗ ∅ ∅ ∗ 0 ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ 0
∗ ∅ ∗ ∗ ∗ ∗ 0 ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
2:23
4:41
4:42
1:2
2:4
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
.
8X L2ti- T`Q+2/m`2b QM +QHmKM 1:4 vB2H/ 11111111- 01011222- 01010111- 00001111- 00011111- 11011111- M/ 11001111X h?2
jd
*?Ti2` jX Ji`Bt J2i?Q/
Ki`Bt Bb Q7 i?2 7Q`K,
∅ ∅ ∅ 0 ∗ 0 0 0 0 E
∅ ∅ ∅ 0 ∗ 0 0 0 E 0
∅ ∅ ∅ 0 ∗ 0 0 E 0 0
∅ ∅ ∅ ∗ ∗ 0 0 0 0 0
∅ ∅ 0 ∅ ∅ 0 0 E 0 ∅
∅ ∅ ∗ ∅ ∅ 0 0 0 0 ∅
∅ 0 ∅ ∗ ∅ E 0 0 0 0
∅ ∗ ∅ ∗ ∅ 0 0 0 0 0
0 ∅ 0 0 ∗ E 0 0 0 ∅
0 ∅ 0 0 ∗ 0 E 0 0 ∅
∗ ∅ ∗ ∗ ∗ 0 0 0 0 ∅
∗ ∗ ∗ ∗ ∅ 0 0 0 0 ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:21
2:22
2:23
2:24
4:41
4:42
1:21
1:22
2:41
2:42
2:43
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:411:421:431:44 1:2
.
eX q2 M2ti im`M iQ +QHmKM 2:3- M/ }MHHv 2M+QmMi2` M 2`b#H2 B/2MiBiv #HQ+FX h?Bb
Q++m`b BKK2/Bi2Hv 7i2` i`Mb7Q`KBM; (2:41, 2:32) iQ aKBi? MQ`KH 7Q`KX "27Q`2 i?Bb-
bQK2 Qi?2` #HQ+Fb BM +QHmKM 3:3 `2 T`Q+2bb2/ rBi?Qmi Bbbm2X "2HQr- r2 T`2b2Mi i?2
`2H2pMi #HQ+F Q7 i?2 Ki`Bt #27Q`2 M/ 7i2` i`Mb7Q`KBM; v∗ iQ aKBi? MQ`KH 7Q`K-
M/ i?2 #HQ+F T`iBiBQM Bb mT/i2/ iQ bTHBi i?2 B/2MiBiv #HQ+Fb,
∅ E 0
v∗ E 0
E 0 E
⎡⎢⎣
⎤⎥⎦1:212:41
2:42
2:321:411:42
∼=
∅ ∅ E 0 0 0
∅ ∅ 0 E 0 0
E 0 E 0 0 0
0 0 0 E 0 0
E 0 0 0 E 0
0 E 0 0 0 E
⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦
1:21
1:22
2:41
2:42
2:43
2:44
2:322:331:411:421:431:44
.
h?2 B/2MiBiv #HQ+F (2:43, 2:32) Bb 2`b#H2 #v
V //BiBQMb 7`QK i?2 `Qr 2:41 iQ i?2 `Qr 2:43- M/
#V //BiBQMb 7`QK i?2 +QHmKM 1:43 iQ i?2 +QHmKM 1:41 iQ x2`Q Qmi i?2 bB/2 2z2+i i
(2:43, 1:41)X
>2`2 01100110- 01111111- 12111221- 01000110- 01011221- 01011111- 01001221- 01001111- 01001210- 01001100- 00000110-
(
1211
1221
)
-
(
0111
1111
)
- 02111221- M/
0111
1221 `2 2ti`+i2/X q2 `2K`F i?i i?2 /BK2MbBQM p2+iQ`b 12210121 M/ 01100111 `2 2ti`+i2/
irB+2X
j3
jXkX H;Q`Bi?K
∅ ∅ ∅ ∗ 0 0
∅ ∅ ∗ ∅ ∅ 0
∅ 0 ∅ ∗ ∅ E
∅ ∗ ∅ ∗ ∅ 0
0 ∅ 0 0 0 E
0 ∅ ∗ 0 E 0
∗ ∅ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∅ 0
∗ ∅ ∅ ∗ 0 ∅
∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:2
4:4
1:21
1:22
2:41
2:42
2:43
1:4
2:3
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:3 2:3 1:4
.
dX h?2 rQ`F 7i2`r`/ Bb `QmiBM2X "v T`Q+2/m`2b QM +QHmKM 1:3- 11101110- 11001110- 12112221- 12111111- 01001110-
0000
1110- 01000000- 12101110- M/ 01101110 `2 2ti`+i2/X q2 `2 H27i rBi?
∅ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ 0 ∅ 0 0 E 0 ∅
∅ ∗ ∅ 0 0 0 0 ∅
0 ∅ ∗ 0 0 0 0 E
0 ∅ ∗ 0 0 E 0 0
0 ∅ ∗ 0 0 0 E 0
∗ ∅ ∗ 0 0 0 0 0
0 0 ∗ 0 E 0 0 ∅
∗ 0 ∗ E 0 0 0 ∅
∗ ∗ ∗ 0 0 0 0 ∅
0 ∅ ∅ E 0 0 0 0
∗ ∅ ∅ 0 0 0 0 0
∗ ∗ ∅ 0 0 0 0 ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
4:4
1:21
1:22
2:41
2:42
2:43
2:44
1:41
1:42
1:43
2:31
2:32
1:3
3:4
1:1
3:3
3:3 1:1 3:4 1:311:321:331:34 2:3
.
3X L2ti- T`Q+2/m`2b QM +QHmKM 3:4 vB2H/ 00110011- 12211121- 11111110- 01110011- 01111110- 12111121- 01110121- 01110110- 00010011- 00000011-
jN
*?Ti2` jX Ji`Bt J2i?Q/
0001
0000-
(
1211
1121
)
- 12111110-
(
0111
1110
)
- 01111121- 12221121- M/ 11111121- r?2`2 12111121 M/ 01111110 `2 2ti`+i2/ irB+2X
∅ ∗ ∅ 0
∗ ∅ 0 0
∗ 0 0 E
0 ∗ E 0
∗ ∗ 0 0
0 ∅ ∅ E
∗ ∅ ∅ 0
∗ ∗ ∅ 0
∗ ∅ 0 ∅
∅ ∗ ∅ ∅
∗ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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NX am#b2[m2MiHv- T`Q+2/m`2b QM +QHmKM 1:1 2ti`+i 10001000- 10000000- 11111011- 11110011- 11001000- 00001000- M/ 11000000X
h?2 #HQ+F Ki`Bt Bb MQr
∗ ∅ ∅ 0
∗ 0 0 E
∗ 0 E 0
∗ 0 0 0
0 ∅ ∅ E
∗ ∅ ∅ 0
∗ E 0 0
∗ 0 0 0
∗ ∅ ∅ ∅
∗ ∅ ∅ ∅
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
2:4
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2:32
1:31
1:32
3:4
3:3
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RyX 6BMHHv r2 `2 QM i?2 Hbi +QHmKM 4:4X >2`2 00100010- 00100000- 00110000- 11100010- 11110010- 11111010- 12211120- 12211110-
0111
0010- 00000010- 01110000- 12210010- 12211010- 11111000- 01100010- 22211010- 11101010- 11110000- 11210010- 11100000- 11211010- 11101000- 01210010- 01100000- M/ 00110010
`2 2ti`+i2/X
jXjX .Bb+mbbBQM
M 2tKTH2 +M #2 ;Bp2M Q7 ?Qr i?2 T`QQ7 #`2Fb /QrM rBi? i?2 BM}MBi2 ivT2 Un ≥ 5V-
BM T`iB+mH` i?2 +b2 CL5(ffff)X q2 QMHv M22/ iQ +QMbB/2` i?2 bm#T`Q#H2K Q7 i?2 #HQ+F
Ki`Bt T`Q#H2K bTMM2/ #v i?2 `Qrb 1:4, 2:3 M/ +QHmKMb 2:5, 3:4,
∗ ∗
∗ ∗
[ ]
1:4
2:3
3:4 2:5
.
9y
jXjX .Bb+mbbBQM
LQi2 i?i QT2`iBQMb #2ir22M `Qrb 1:4 M/ 2:3 `2 BKT2`KBbbB#H2X aBKBH`Hv- QT2`@
iBQMb #2ir22M +QHmKMb 2:5 M/ 3:4 `2 BKT2`KBbbB#H2X 7i2` TTHvBM; i?2 T`Q+2/m`2- r2
2p2MimHHv Q#iBM
A E
E E
[ ]
1:4
2:3
3:4 2:5
b  bm#T`Q#H2K- r?2`2 A Bb M mM2`b#H2 mMT`Q+2bb2/ bm#Ki`Bt M/ E `2 T`Q+2bb2/
B/2MiBiv Ki`B+2b Q7 i?2 bK2 bBx2X
h?2 T`Q+2/m`2 #`2Fb /QrM r?2M ii2KTiBM; iQ i`Mb7Q`K i?2 mMT`Q+2bb2/ #HQ+F A
iQ aKBi? MQ`KH 7Q`KX ai`iBM; rBi? `Qr QT2`iBQMb QM 1:4- r2 Q#iBM bB/2 2z2+ib QM
i?2 M2B;?#Q`BM; #HQ+FX "v }tBM; i?Qb2- r2 Q#iBM bB/2 2z2+ib QM i?2 #HQ+F #2HQr M/
Qi?2`b b
PA P
E E
[ ]
1:4
2:3
3:4 2:5
∼= PA E
E P−1
[ ]
1:4
2:3
3:4 2:5
∼= PA E
P E
[ ]
1:4
2:3
3:4 2:5
∼= PAP−1 E
E E
[ ]
1:4
2:3
3:4 2:5
.
L2ti- r2 +QKK2Mi QM 2tBbiBM; K2i?Q/b M/ i?2 +QKTmiiBQMH bT2+ib Q7 Qm` rQ`FX
>2`2- r2 iF2 i?2 T2`bBbi2M+2 KQ/mH2 b BMTmi M/ K2bm`2 i?2 +QKTmiiBQMH +Qbi rBi?
`2bT2+i iQ Bib bBx2X _2[mB`BM; i?2 2tTHB+Bi +QKTmiiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 Kv
#2 rbi27mHX AM/22/- +HbbB+H H;Q`Bi?Kb 7Q` T2`bBbi2M+2 rQ`F /B`2+iHv QM i?2 H2p2H Q7
/B;`Kb Q7 bBKTHB+BH +QKTH2t2b U7Q` 2tKTH2 (k3- e) 7Q` }Hi`iBQMb M/ xB;x;b- `2bT2+@
iBp2HvVX Ai Bb Q7 BMi2`2bi iQ }M/ bBKBH` H;Q`Bi?Kb i?i +QKTmi2 M BM/2+QKTQb#H2
/2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 /B`2+iHv- rBi?Qmi 2tTHB+Bi +QKTmiiBQM Q7 i?2
T2`bBbi2M+2 KQ/mH2X
h?2 T`Q#H2K Q7 +QKTmiBM; M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7  KQ/mH2 M Qp2` 
}MBi2 /BK2MbBQMH K@H;2#` A ?b #22M r2HH@bim/B2/ (N- k9)X 6Q` 2tKTH2- bbmKBM;
i?i K Bb  }MBi2 }2H/- (N) /2KQMbi`i2b i?i  TQHvMQKBH iBK2 H;Q`Bi?K 2tBbib i?i
Bb +T#H2 Q7 }M/BM; M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 M X 6B`bi- QM2 +QKTmi2b i?2
2M/QKQ`T?BbK H;2#` EndA(M) = Hom(M,M)X h?2M-  +QKTH2i2 b2i Q7 T`BKBiBp2
Q`i?Q;QMH B/2KTQi2Mib π1, . . . , πℓ Bb +QKTmi2/X h?2 bm#KQ/mH2b πi(M)- 7Q` i = 1, . . . , ℓ-
T`QpB/2  /2+QKTQbBiBQM Q7 M BMiQ BM/2+QKTQb#H2bX
PM2 bi`B;?i7Q`r`/ K2Mb Q7 +QKTmiBM; EndA(M) Bb #v bQHpBM;  bvbi2K Q7 HBM2`
2[miBQMbX G2i M = (Ma,ϕα)a∈Q0,α∈Q1 #2  `2T`2b2MiiBQM Q7  #QmM/ [mBp2` (Q,P )-
da = dimMa- M/ dˆ = maxa∈Q0 daX q2 bbmK2 i?i r2 ?p2 }t2/ #b2b 7Q` Ma- M/
i?i i?2 +iBQMb ϕα `2 ;Bp2M BM i2`Kb Q7 K@Ki`B+2bX 6Q` 2+? p2`i2t a ∈ Q0- r2 b2i
mT  da × da K@Ki`Bt Q7 mMFMQrMb Xa- M/ bQHp2 i?2 +QM/BiBQM ;Bp2M BM 1[X UkXRV i?i
Xbϕα − ϕαXa = 0 7Q` 2+? ``Qr α : a → b- ;BpBM;  HBM2` bvbi2K Q7
∑
a∈Q0 d
2
a =
O(dˆ2) mMFMQrMb M/ ∑(α:a→b)∈Q1 dadb = O(dˆ2) 2[miBQMbX *QMb2[m2MiHv- Bi b22Kb iQ
`2[mB`2 O(dˆ6) +QKTmiiBQMH iBK2- 2p2M #27Q`2 i?2 `2bi Q7 i?2 +QKTmiiBQMb U}M/BM;
T`BKBiBp2 Q`i?Q;QMH B/2KTQi2Mib M/ +QKTmiBM; BK;2bVX //BiBQMH +H2p2` K2i?Q/b
Q7 +QKTmiBM; i?2 2M/QKQ`T?BbK `BM;b 2tBbi- 7Q` 2tKTH2 #v `2/m+BM; i?2 MmK#2` Q7
2[miBQMb M/ mMFMQrMb #v }`bi +QKTmiBM;  ;2M2`iBM; bvbi2K 7Q` i?2 KQ/mH2 (k8) Q`
mbBM; :`ƺ#M2` #bBb K2i?Q/b (ky)X
9R
*?Ti2` jX Ji`Bt J2i?Q/
6BMHHv- H2i mb T`QpB/2 M 2biBKi2 Q7 i?2 +QKTmiiBQMH +QKTH2tBiv Q7 Qm` T`Q+2/m`2X
6B`bi- r2 `2+TBimHi2 i?2 Ki`Bt 7Q`KHBbK BM am#b2+iBQM jXRXkX :Bp2M  T2`bBbi2M+2
KQ/mH2M Qp2`  +QKKmiiBp2 H//2` rBi? n < 5- r`BiBM; Bi b M ``Qr F (M) : V → W
Bb bi`B;?i7Q`r`/X h?2M- r2 /2+QKTQb2 Bib mTT2` M/ HQr2` `Qrb r?BH2 F22TBM; i`+F
Q7 #bBb +?M;2b iQ ;2i i?2 7Q`Kb Q7 i?2 Ki`B+2b Q7 ``Qr Φ `2HiBp2 iQ i?2 M2r #bBb-
+QbiBM; O(dˆ3)X
G2i mb MHvx2 i?2 bBx2 Q7 i?2 +Q``2bTQM/BM; #HQ+F Ki`Bt T`Q#H2K Q7 M X _2+HH i?i
i?2 #HQ+Fb `2 Q7 bBx2 m′c,d ×ma,b 7Q` I[a, b] " I[c, d]- r?2`2 i?2 MmK#2`b ma,b M/ m′c,d
`2 /2i2`KBM2/ #v i?2 /2+QKTQbBiBQM Q7 F (M) b BM 1[X UjXjVX Ai Bb +H2` i?i ma,b M/
m′c,d `2 #QmM/2/ #Qp2 #v dˆX A7 i?i r2`2 MQi i`m2- i?2M i?2`2 rQmH/ #2  p2`i2t x Q7
i?2 +QKKmiiBp2 H//2` rBi? dx > dˆ- r?B+? Bb  +QMi`/B+iBQMX q2 HbQ +QKTmi2,
ndˆ ≥ dimV =
∑
1≤a≤b≤n
dim I[a, b]ma,b =
∑
1≤a≤b≤n
ma,b(b− a+ 1) ≥
∑
1≤a≤b≤n
ma,b
7`QK 1[X UjXkV- M/  bBKBH` 2biBKi2 7Q` i?2 bmK Q7 i?2 m′c,dX h?mb- i?2 iQiH bBx2 Q7
i?2 #HQ+F Ki`Bt T`Q#H2K Bb #QmM/2/ #Qp2 #v ndˆX
h?2 #Qp2 MHvbBb +QMbB/2`b i?2 bBx2 Q7 i?2 #HQ+F Ki`Bt T`Q#H2K #v +QmMiBM; +imH
`Qrb M/ +QHmKMb Q7 K@b+H`bX AM +QMi`bi- i?2 MmK#2` Q7 #HQ+Fb b i?2Kb2Hp2b Bb MQi
/2T2M/2Mi QM i?2 /BK2MbBQM dˆ- #mi `i?2` /2T2M/b QMHv QM i?2 Q`B2MiiBQM τn M/ r?i
QT2`iBQMb ?p2 #22M T2`7Q`K2/ bQ 7`X
L2ti- r2 HQQF i H;Q`Bi?K RX 1+? [m2`v 7Q` bB/2 2z2+ib BM H;Q`Bi?K k +Qbib O(b)X
"v i?2 T`QQ7 Q7 h?2Q`2K jXkXj- GBM2b d M/ 3 Q7 H;Q`Bi?K R /Q MQi H2/ iQ BM}MBi2
`2+m`bBQM- i?mb QMHv  }MBi2 MmK#2` Q7 bm+? [m2`B2b M/ Ki`Bt QT2`iBQMb `2 M22/2/
7Q` H;Q`Bi?K jX h?Bb MmK#2` /2T2M/b MQi QM dˆ #mi QMHv QM i?2 +m``2Mi ``M;2K2Mi Q7
#HQ+F biimb2b Q7 i?2 #HQ+F Ki`Bt T`Q#H2KX
6m`i?2`KQ`2- i?2 +?2+F 7Q` 2`b#BHBiv M/ +QMbi`m+iBQM Q7  T`Q+2bb i`22 p #v 2`b#H2
BM GBM2 Ry Q7 H;Q`Bi?K R Bb BM/2T2M/2Mi Q7 dˆX AM/22/- i?2 7mM+iBQMb `Qrn2`b#H2
M/ +QHn2`b#H2 /Q MQi T2`7Q`K Mv Ki`Bt QT2`iBQMbX _i?2`- i?2v bBKTHv [m2`v
i?2 ``M;2K2Mi Q7 Ki`Bt biimb2b M/ T2`KBbbB#H2 QT2`iBQMb BM i?2 #HQ+F Ki`Bt T`Q#@
H2KX
h?2 +imH QT2`iBQMb QM i?2 #HQ+F Ki`Bt T`Q#H2K `2 ;Bp2M #v, i`Mb7Q`KBM;  #HQ+F
iQ aKBi? MQ`KH 7Q`K- }tBM; QM2 bB/2 2z2+i- x2`QBM; Qmi vt #v vE 7Q` QM2 p2`i2t (vt, vE)
BM i?2 T`Q+2bb i`22 pX 1+? Q7 i?2b2 +Qbib O(ndˆ3)X h?mb- i?2 iQiH +Qbi Bb bBKTHv i?2
MmK#2` Q7 QT2`iBQMb C M22/2/- r?B+? Bb BM/2T2M/2Mi Q7 dˆ- iBK2b O(ndˆ3)- vB2H/BM; M
Qp2`HH 2biBKi2 Q7 O(Cndˆ3)X
9k
*?Ti2` 9X
h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/
JT
h?Bb +?Ti2` Bb #`Q/Hv /BpB/2/ BMiQ irQ T`ibX h?2 7Q`K2` T`i b a2+iBQM 9XR T`2b2Mib
 M2r /2}MBiBQM Q7 i?2 ?QKQHQ;v BM/m+2/ KT Q7  +Q``2bTQM/2M+2X h?Bb /2}MBiBQM
Bb 7Q`KHBx2/ #v /2+QKTQbBM; `2T`2b2MiiBQMb Q7 i?2 [mBp2` A3(bf)- M/ ;Bp2b mb i?2
}`bi bi2T BM i?2 Hii2` T`iX i i?2 Hii2` T`i 7`QK a2+iBQM 9Xk QM- r2 /Bb+mbb ?Qr
iQ +QMbi`m+i  T2`bBbi2M+2 KQ/mH2 7`QK  bKTH2/ KT M/ /2+QKTQb2 BiX h2+?MB[m2b
/2b+`B#2/ i?2`2 `2 biBKmHi2/ #v #HQ+F Ki`Bt 7Q`K /Bb+mbb2/ BM *?Ti2` j- M/ 2M#H2
iQTQHQ;B+H /i MHvbBb QM iBK2 b2`B2b /iX ?2/ Q7 i?2 i?2bBb- i?2 +QMi2Mi Q7 i?Bb
+?Ti2` rb mTHQ/2/ b  T`2T`BMi QM `sBp,
(kd) >X hF2m+?B- h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT, 6`QK  oB2rTQBMi Q7
ZmBp2` _2T`2b2MiiBQMb- `sBp,R3RyXRRdd9 UkyR3VX
9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb
_2+HH i?i  +Q``2bTQM/2M+2 F ⊂ X×Y BM/m+2b i?2 /B;`KHX p∗← HF q∗→ HY pB i?2
+MQMB+H T`QD2+iBQMb p : F → X M/ q : F → Y X b  `2T`2b2MiiBQM Q7 i?2 A3(bf) ivT2
[mBp2`- i?Bb /B;`K +M #2 /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BMi2`pH `2T`2b2MiiBQMb,
(HX
p∗← HF q∗→ HY ) ∼=
⊕
1≤b≤d≤3
I[b, d]mb,d .
h?Bb BM/2+QKTQb#H2 /2+QKTQbBiBQM +M #2 r`Bii2M b i?2 /B;`K
HX HF HY
⊕
1≤b≤d≤3 I[b, d]mb,d = KdimHX KdimHF KdimHY .
hX ∼=
p∗ q∗
∼= hY ∼=
qK
h?2 +?QB+2 Q7 #b2b ;Bp2b mb  `2HiBQMb?BT #2ir22M #b2b Q7 HX M/ HY - r?B+? +M
#2 `2;`/2/ b  KT 7`QK HX iQ HY X 6Q` 2tKTH2- M BMi2`pH `2T`2b2MiiBQM I[1, 2]
bbB;Mb M 2H2K2Mi Q7 i?2 biM/`/ #bBb Q7 KdimHX iQ y BM KdimHY X h?2`27Q`2- MQM@
i`BpBH bbB;MK2Mi ?TT2Mb QMHv QM i?2 BMi2`pH `2T`2b2MiiBQMb I[1, 3] = (K idK← K idK→ K)X
9j
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
F⇤
HX HF HY
K dimHX K dimHF K dimHY
Km1,3 Km1,3 Km1,3
p⇤
⇠=
q⇤
⇠= ⇠=
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6B;m`2 9XRX, M Qp2`pB2r Q7 Qm` /2}MBiBQM Q7 i?2 BM/m+2/ KT F∗ Q7  +Q``2bTQM/2M+2X
h?2 BbQKQ`T?BbK 7`QK i?2 }`bi `Qr iQ i?2 b2+QM/ `Qr Bb M BM/2+QKTQb#H2
/2+QKTQbBiBQMX h?2 BM+HmbBQM KT QM i?2 `B;?i@?M/ bB/2 Bb i?2 +MQMB+H
BMD2+iBQM Q7 i?2 p2+iQ` bT+2X
"v `2;`/BM; i?2 Qi?2` BMi2`pH `2T`2b2MiiBQMb b 0KTb 7`QKHX iQHY - r2 +M /2}M2
 KT ιY ◦ πX : KdimHX → KdimHY 7+iQ`BM; i?2 BMi2`pH I[1, 3]⊕
1≤b≤d≤3
I[b, d]mb,d = KdimHX KdimHF KdimHY
I[1, 3]m1,3 = Km1,3 Km1,3 Km1,3 ,
πX
qK
πF ιY
r?2`2 i?2 ``Qrb$ `2 i?2 +MQMB+H T`QD2+iBQMb Q7 i?2 p2+iQ` bT+2b- M/ i?2 KQ`T?BbK
ιY Bb i?2 +MQMB+H BMD2+iBQM Q7 i?2 p2+iQ` bT+2X *QKTQbBM; i?2 Ti? Q7 KQ`T?BbKb- r2
+M `2/2}M2 i?2 BM/m+2/ KT Q7 F b
F∗ := h−1Y ◦ ιY ◦ πX ◦ hX : HX → HY.
h?Bb /2}MBiBQM /Q2b MQi `2[mB`2 i?2 irQ bbmKTiBQMb K2MiBQM2/ BM .2}MBiBQM RXkXj-
M/ r?2M i?2 irQ bbmKTiBQMb `2 biBb}2/- Qm` /2}MBiBQM +QBM+B/2b rBi? i?2 Q`B;BMH
/2}MBiBQM q∗ ◦ p−1∗ #v i?2 7QHHQrBM; i?2Q`2KX
h?2Q`2K 9XRXRX .2}M2 F∗ := h−1Y ◦ ιY ◦ πX ◦ hX X A7 F Bb ?QKQHQ;B+HHv +QKTH2i2 M/
?QKQHQ;B+HHv +QMbBbi2Mi- i?2M F∗ = q∗ ◦ p−1∗ X
S`QQ7X h?2 +HBK iQ T`Qp2 Bb
q∗ ◦ p−1∗ = h−1Y ◦ ιY ◦ πX ◦ hX .
aBM+2 i?2 KQ`T?BbK p∗ Bb bm`D2+iBp2- i?Bb Bb 2[mBpH2Mi iQ
q∗ ◦ p−1∗ ◦ p∗ = h−1Y ◦ ιY ◦ πX ◦ hX ◦ p∗.
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9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb
AM //BiBQM- q∗ = q∗ ◦ p−1∗ ◦ p∗ #2+mb2 Q7 i?2 ?QKQHQ;B+H +QMbBbi2M+v q∗(Ker(p∗)) = 0
h?2`27Q`2- r?i Kmbi #2 T`Qp2M ?2`2 Bb
q∗ = h−1Y ◦ ιY ◦ πX ◦ hX ◦ p∗.
"v +?bBM; i?2 /B;`K Q7 6B;m`2 9XR- i?Bb 2[miBQM `2bmHib BM
qK = ιY ◦ πF .
h?2 biM/`/ #bBb Q7 KdimHF +Q``2bTQM/b iQ i?2 biM/`/ #b2b Q7 i?2 7Qm` BMi2`@
pHb I[2, 3]- I[2, 2]- I[1, 2]- M/ I[1, 3]X >2`2 r2 `2K`F i?i i?2 ?QKQHQ;B+H +QMbBbi2M+v
q∗(Ker(p∗)) = 0 Bb 2[mBpH2Mi iQ m2,3 = 0- MK2Hv I[2, 3] /Q2b MQi 2tBbi b  /B`2+i bmK@
KM/X JQ`2Qp2`- i?2 #bBb +Q``2bTQM/BM; iQ I[2, 2] M/ I[1, 2] Bb KTT2/ iQ 0 #v #Qi?
qK M/ ιY ◦ πF X "v /2}MBiBQM Bi Bb +H2` i?i qK(a) = ιY ◦ πF (a) ?QH/b 7Q` 2+? 2H2K2Mi
a Q7 i?2 biM/`/ #bBb Q7 KdimHF +Q``2bTQM/BM; iQ i?2 biM/`/ #b2b Q7 I[1, 3]X
h?2Q`2Kb RXkX9 M/ RXkX8 ?QH/ HbQ mM/2` i?Bb /2}MBiBQMX q2 +M T`Qp2 i?2K KQ`2 +QM@
+Bb2Hv #v 7Q+mbBM; QM BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 i?2 +QKKmiiBp2 H//2` CL(bf)X
aBM+2 h?2Q`2K RXkX8 Bb  ;2M2`HBx2/ bii2K2Mi Q7 h?2Q`2K RXkX9- r2 T`Qp2 QMHv h?2Q@
`2K RXkX8X G2i mb `2T`Q/m+2 ?2`2 h?2Q`2K RXkX8X
h?2Q`2K RXkX8 U(kR- h?2Q`2K 9Xe)VX A7  +Q``2bTQM/2M+2 F Bb ?QKQHQ;B+HHv +QMbBbi2Mi-
 +Q``2bTQM/2M+2 G Bb ?QKQHQ;B+HHv +QKTH2i2- M/ G ⊂ F - i?2M F∗ M/ G∗ `2 r2HH@
/2}M2/ M/ G∗ = F∗X
S`QQ7X G2i pF∗ : HF → HX- qF∗ : HF → HY - pG∗ : HG → HX- M/ qG∗ : HG → HY #2
TT`QT`Bi2 KQ`T?BbKb BM/m+2/ #v +MQMB+H T`QD2+iBQMb Q7 X×Y X h?2 bbmKTiBQMb BM@
/m+2 i?2 7QHHQrBM; +QKKmiiBp2 /B;`K 7Q`  `2T`2b2MiiBQM Q7 i?2 +QKKmiiBp2 H//2`
CL(bf)X
HX HF HY
HX HG HY
pF∗ qF∗
pG∗ qG∗
U9XRV
r?2`2 i?2 +2Mi2` KQ`T?BbK HG→ HF Bb BM/m+2/ #v i?2 BM+HmbBQM G ⊂ F X
G2i i?2 /B;`K
M ′1 M
′
2 M
′
3
M1 M2 M3
p2 q2
r1
p1
r2
q1
r3
#2  /B`2+i bmKKM/ Q7 i?2 `2T`2b2MiiBQM U9XRVX "v i?2 /2}MBiBQM Q7 BM/2+QKTQb#H2
/2+QKTQbBiBQM- i?2 T`QT2`iB2b Q7 i?2 KQ`T?BbKb Q7 i?2 iQiH `2T`2b2MiiBQM `2 BM?2`Bi2/
#v i?2 KQ`T?BbKb BM Bib /B`2+i bmKKM/X 6B`bi- i?2 KQ`T?BbKb r1 M/ r3 b?QmH/ #2
BbQKQ`T?B+X a2+QM/- i?2 ?QKQHQ;B+H +QMbBbi2M+v qF∗ (Ker pF∗ ) = 0 BM?2`Bib q2(Ker p2) = 0-
r?B+? K2Mb i?i BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 i?2 mTT2` `2T`2b2MiiBQM
M ′1 M
′
2 M
′
3
p2 q2
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*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
/Q2b MQi vB2H/ I[2, 3]X aBKBH`Hv- i?2 ?QKQHQ;B+H +QKTH2i2M2bb Q7 G BKTHB2b i?i i?2
BMi2`pH I[1, 1] /Q2b MQi TT2` BM i?2 HQr2` bB/2X
qBi? i?2b2 i?`22 T`QT2`iB2b BM KBM/- H2i mb HQQF i i?2 mbHM/2`Ĝ_2Bi2M [mBp2` Q7 i?2
+QKKmiiBp2 H//2` CL(bf) U6B;m`2 kXRVX >2`2 r2 mb2 Bi Dmbi b  HBbi Q7 BM/2+QKTQb#H2
`2T`2b2MiiBQMb Q7 CL(bf)X h?2 i?`22 T`QT2`iB2b `2/m+2 i?2 MmK#2` Q7 +M/B/i2b Q7
BM/2+QKTQb#H2b 7`QK jy iQ eX 6B`bi- bBM+2 r1 M/ r3 `2 BbQKQ`T?BbKb- i?2 /BK2MbBQMb
Q7 i?2 H27i U`B;?iV mTT2` M/ H27i U`B;?i- `2bT2+iBp2HvV HQr2` p2+iQ`b b?QmH/ #2 i?2 bK2X
h?2`27Q`2- 7`QK H27i iQ `B;?i BM 6B;m`2 kXR- i?2 BM/2+QKTQb#H2b 100000- 001000- 111000- 111100- 111001- 011000-
110
000- 000001- 000100- 110111- 011111- 010111- 010110- 000111- 010011- 010121- 000011- M/ 000110 +MMQi TT2`X a2+QM/- bBM+2 i?2
BMi2`pH I[2, 3] b?QmH/ MQi TT2` BM i?2 mTT2` bB/2- 011001 M/ 011011 +MMQi TT2`X JQ`2Qp2`-
b TQ`i`v2/ BM .B;`K UkX9V- i?2 mTT2` bB/2 Q7 121111 Bb i?2 /B`2+i bmK Q7 I[1, 2] M/ I[2, 3]-
?2M+2 i?Bb +MMQi TT2` 2Bi?2`X 6BMHHv- bBM+2 i?2 BMi2`pH I[1, 1] b?QmH/ MQi TT2` BM
i?2 HQr2` bB/2- 100100- 111101 M/ 110100 +MMQi TT2`X
1p2MimHHv- i?2 BM/2+QKTQb#H2b Q7 .B;`K U9XRV +M QMHv #2 i?2 Qi?2` `2KBMBM; bBt
ivT2b 001001- 111111- 010000- 110110- 010010- M/ 000010- i?i Bb-
HX HF HY
HX HG HY
pF∗ qF∗
pG∗ qG∗
∼=
(
001
001
)m1 ⊕ (111111)m2 ⊕ (010000)m3 ⊕ (110110)m4
⊕
(
010
010
)m5 ⊕ (000010)m6
7Q` bQK2 mi ∈ Z≥0X h?2 mTT2` bB/2 M/ HQr2` bB/2 Q7 i?2 bBt ivT2b Q7 BM/2+QKTQb#H2b
`2 BMi2`pH `2T`2b2MiiBQMb- i?2`27Q`2 i?Bb /2+QKTQbBiBQM Bb HbQ i?2 /2+QKTQbBiBQM 7Q`
2+? bB/2Ƕb A3(bf) ivT2 `2T`2b2MiiBQMbX aBM+2 i?2 BM/m+2/ KTb `2 /2}M2/ #v iFBM;
I[1, 3] = 111- M/ i?2 2H2K2Mib BM HX M/ HY +Q``2bTQM/BM; iQ 111111 `2 i?2 bK2 7Q`
2+? bB/2- i?2 BM/m+2/ KTb `2 i?2 bK2 7Q` 2+? bB/2X
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
h?2 #BHBiv iQ /2+QKTQb2 M/ 7Q+mb 2t+HmbBp2Hv QM i?2 BMi2`pH `2T`2b2MiiBQM I[1, 3] T`Q@
pB/2b MQi?2` T2`bT2+iBp2 7Q` MHvbBb Q7 /Bb+`2i2 /vMKB+H bvbi2Kb #v mbBM; 2B;2MbT+2
7mM+iQ`b (R9)X h?2 TT2` (R9) +QMbB/2`b S`Q#H2K RXkXe rBi? i?2 //BiBQMH bbmKTiBQM
i?i X = Y BM Q`/2` iQ MHvx2 bKTH2/ /Bb+`2i2 /vMKB+H bvbi2KbX G2i mb `2T`Q/m+2
?2`2 i?2 T`Q#H2KX
S`Q#H2K RXkXeX G2i f : X → Y #2  +QMiBMmQmb KT 7Q` X, Y ⊂ RnX A7 X- Y - M/ f
`2 mMFMQrM- M/ r2 FMQr QMHv  bKTH2/ KT f!S : S → f(S) r?B+? Bb  `2bi`B+iBQM Q7
f QM  }MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v
BM/m+2/ KT f∗ : HX → HY \
LQi2 i?i i?2 bKTHBM; S Bb  TQBMi +HQm/ +Tim`BM; iQTQHQ;B+H 72im`2b Q7 X r?2M S
Bb bm{+B2MiHv /2Mb2X
9e
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
h?Bb b2+iBQM T`2b2Mib +QMbi`m+iBQM Q7 M TT`Q+? BK2/ i //`2bbBM; i?Bb T`Q#H2KX
q2 2tTHBM ?Qr iQ +QMbi`m+i i?2 T2`bBbi2Mi ?QKQHQ;v Q7  bKTH2/ KT- r?B+? +Tim`2b
i?2 ;2M2`iQ` Q7 HX M/ Hf(X) +QMM2+i2/ #v f X h?2 b2imT Bb HKQbi B/2MiB+H iQ i?i
7Q` i?2 TT2` (R9)- mMiBH KFBM; i?2 7QHHQrBM; ?QKQHQ;v b2[m2M+2 U9XkVX
9XkXRX H;Q`Bi?K
6B`bi- r2 ;2M2`i2  }Hi`iBQM Q7 bBKTHB+BH +QKTH2t2b
C1 ⊂ C2 ⊂ · · · ⊂ Cn,
2+? bBKTH2t Q7 r?B+? ?b 2H2K2Mib Q7 S b Bib p2`iB+2b- bQ i?i i?2 }Hi`iBQM +M +Tim`2
i?2 iQTQHQ;v Q7 i?2 mM/2`HvBM; bT+2 XX 6Q` 2tKTH2- Ì2+? +QKTH2t2b Q` oB2iQ`BbĜ
_BTb +QKTH2t2b BM .2}MBiBQM kXkXR `2 pBH#H2X aBKBH`Hv- r2 ;2M2`i2  }Hi`iBQM Q7
bBKTHB+BH +QKTH2t2b
D1 ⊂ D2 ⊂ · · · ⊂ Dn
7Q` f(S)X
Hi?Qm;? r2 2tT2+i i?2 bKTH2/ KT iQ /2`Bp2  bBKTHB+BH KT Ci → Di QM 2+?
i@i? }Hi2` iQ MHvx2 T2`bBbi2M+2 Q7 i?2 Q`B;BMH KT f - BM ;2M2`H- i?2v +M /2`Bp2 QMHv 
bBKTHB+BH T`iBH KTR κi : Ci ! DiX q`BiBM; i?2 /QKBM Q7 κi b domκi- i?Bb b2[m2M+2
Q7 i?2 T`iBH KTb +M #2 `2;`/2/ b  b2[m2M+2 {Ci ιi←↩ domκi κ
′
i→ Di } Q7 TB`b Q7 KTb
(ιi,κ′i)X h?Bb b2[m2M+2 Q7 TB`b +QMbiBimi2b  }Hi`iBQM BM/m+2/ #v i?2 BM+HmbBQM KTb Q7
i?2 }Hi`iBQM
XXX XXX XXX
κi+1 : Ci+1 domκi+1 Di+1
κi : Ci domκi Di
XXX XXX XXX
ιi+1 κ
′
i+1
ιi κ
′
i
.
TTHvBM; i?2 ?QKQHQ;v 7mM+iQ` iQ i?2 b2[m2M+2- r2 Q#iBM  b2[m2M+2 Q7 `2T`2b2MiiBQMb
R +Q``2bTQM/2M+2 F 7`QK X iQ Y Bb T`iBH KT B7 F (x) Bb  bBM;H2iQM Q` 2KTiv b2i 7Q` HH x ∈ X-
r?2`2 F (x) := { y ∈ Y | (x, y) ∈ F }X
9d
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
Q7 i?2 A3(bf) ivT2 [mBp2` b
XXX XXX XXX
κi+1∗ : HCi+1 H domκi+1 HDi+1
κi∗ : HCi H domκi HDi
XXX XXX XXX
ιi+1∗ κ
′
i+1∗
ιi∗ κ
′
i∗
. U9XkV
>2`2- /2+QKTQbBM; 2+? }Hi2` (HCi ← H domκi → HDi) b  `2T`2b2MiiBQM- i?Bb
b2[m2M+2 Q7 `2T`2b2MiiBQMb Bb BbQKQ`T?B+ iQ
Λ :
⊕
1≤b≤d≤3
I[b, d]m1b,d →
⊕
1≤b≤d≤3
I[b, d]m2b,d → · · ·→
⊕
1≤b≤d≤3
I[b, d]mnb,d .
S`QD2+iBM; iQ I[1, 3] ;BM vB2H/b  b2[m2M+2 Q7 bm#`2T`2b2MiiBQMb
Λ[1, 3] : I[1, 3]m11,3 → I[1, 3]m21,3 → · · ·→ I[1, 3]mn1,3 .
q2 Kmbi #2 +`27mH BM i?2 +QMbi`m+iBQM Q7 Λ[1, 3]X q2 r`Bi2 +MQMB+H T`QD2+iBQMb M/
BMD2+iBQMb /2}M2/ #v /B`2+i bmK `2bT2+iBp2Hv b
πi :
⊕
1≤b≤d≤3
I[b, d]mib,d → I[1, 3]mi1,3
ιi : I[1, 3]m
i
1,3 →
⊕
1≤b≤d≤3
I[b, d]mib,d ,
M/ i?2 KQ`T?BbKb BM Λ b
Φi :
⊕
1≤b≤d≤3
I[b, d]mib,d →
⊕
1≤b≤d≤3
I[b, d]m
i+1
b,d .
h?2M- i?2 KQ`T?BbKb BM Λ[1, 3]
Φi
1:3
1:3 : I[1, 3]m
i
1,3 → I[1, 3]mi+11,3
`2 /2}M2/ b
Φi
1:3
1:3 := πi+1 ◦ Φi ◦ ιi,
r?B+? Bb i?2 bm#Ki`Bt i (1:3, 1:3) BM  #HQ+F Ki`Bt 7Q`K Q7 ΦiX
93
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
i  ;HM+2- i?Bb +QMbi`m+iBQM b22Kb Mim`H- #mi ǳπ : Λ→ Λ[1, 3]Ǵ Bb MQi  KQ`T?BbK
BM i?2 `2T`2b2MiiBQM +i2;Q`vX AM Qi?2` rQ`/b-⊕
1≤b≤d≤3 I[b, d]
mib,d
⊕
1≤b≤d≤3 I[b, d]
mi+1b,d
I[1, 3]mi1,3 I[1, 3]m
i+1
1,3
Φi
πi πi+1
Φi1:31:3
/Q2b MQi Hrvb +QKKmi2X *QMb2[m2MiHv- i?2 +?QB+2 Q7 BbQKQ`T?BbK Q7 BM/2+QKTQb#H2
/2+QKTQbBiBQM QM 2+? }Hi2` (HCi ← H domκi → HDi) KB;?i KF2  /Bz2`2M+2 BM i?2
QmiTmi T2`bBbi2M+2 KQ/mH2- r?B+? r2 rBHH +QMbi`m+i Hi2` U.B;`K U9XjVVX AM Q`/2` iQ
KF2 b2Mb2 Q7 i?Bb MHvbBb- i?2 QmiTmi T2`bBbi2M+2 KQ/mH2 b?QmH/ #2 mMB[m2Hv /2i2`KBM2/
M/ BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 BbQKQ`T?BbKX h?Bb /2i2`KBMiBQM Bb ;m`Mi22/ #v i?2
7QHHQrBM; h?2Q`2K 9XkXjX
h?2 `2bi`B+iBQM iQ i?2 #HQ+F (1:3, 1:3) ?b i?2 7QHHQrBM; 7mM+iQ`BHBivX
G2KK 9XkXRX G2i
Φ :
⊕
1≤b≤d≤3
I[b, d]m1b,d →
⊕
1≤b≤d≤3
I[b, d]m2b,d
M/
Ψ :
⊕
1≤b≤d≤3
I[b, d]m2b,d →
⊕
1≤b≤d≤3
I[b, d]m3b,d
#2 #HQ+F Ki`Bt 7Q`Kb- i?2M
[ΨΦ]1:31:3 = Ψ
1:3
1:3Φ
1:3
1:3.
S`QQ7X G2i i?2 +Q``2bTQM/BM; b+H` Ki`Bt bvK#QHb Q7 Φ M/ Ψ #2M M/N `2bT2+iBp2HvX
h?2 #HQ+F Ki`Bt Q7 ΨΦ i (1:3, 1:3) Bb
[ΨΦ]1:31:3 =
∑
I[1,3]"I[a,b]"I[1,3]
(N1:3a:b f
1:3
a:b )(M
a:b
1:3f
a:b
1:3 )
= (
∑
I[1,3]"I[a,b]"I[1,3]
N1:3a:bM
a:b
1:3 )f
1:3
1:3
#mi QMHv I[1, 3] +M #2 i?2 +M/B/i2 7Q` BMi2`pH I[a, b]X _2+HHBM; ;BM i?i I[a, b] ̸"
I[c, d] Bb 2[mBpH2Mi iQ (c:d, a:b) = ∅- r2 +M +?2+F i?Bb HBKBiiBQM #v i?2 7+i i?i HH i?2
`B;?i HQr2` #HQ+Fb Q7 i?2 #HQ+F Ki`Bt 7Q`K Q7 CL(bf) UT`2b2Mi2/ BM 1tKTH2 jXkXkV `2
bi`QM;Hv x2`QX h?i Bb- I[1, 3] ̸" I[a, b] Q` I[a, b] ̸" I[1, 3] B7 (a, b) ̸= (1, 3)X h?2`27Q`2-
[ΨΦ]1:31:3 = N
1:3
1:3M
1:3
1:3 f
1:3
1:3
= (N1:31:3 f
1:3
1:3 )(M
1:3
1:3 f
1:3
1:3 )
= Ψ1:31:3Φ
1:3
1:3.
9N
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
G2KK 9XkXkX G2i Φ : ⊕1≤b≤d≤3 I[b, d]m1b,d → ⊕1≤b≤d≤3 I[b, d]m2b,d #2 i?2 #HQ+F Ki`Bt
7Q`K Q7 M BbQKQ`T?BbK- i?2M Φ1:31:3 Bb M BbQKQ`T?BbKX
S`QQ7X G2i Ψ #2 i?2 BMp2`b2 Q7 ΦX "v G2KK 9XkXR-
[ΨΦ]1:31:3 = Ψ
1:3
1:3Φ
1:3
1:3
M/ i?2 H27i@?M/ bB/2 Bb i?2 #HQ+F (1:3, 1:3) Q7 i?2 B/2MiBiv KT- r?B+? Bb i?2 B/2MiBiv
KT QM I[1, 3]m11,3 X aBKBH`Hv- Φ1:31:3Ψ1:31:3 Bb M B/2MiBiv KT QM I[1, 3]m
2
1,3 - ?2M+2 Bi 7QHHQrb
i?i Φ1:31:3 Bb BbQKQ`T?B+X
h?2Q`2K 9XkXjX h?2 BbQKQ`T?BbK +Hbb Q7
Φi
1:3
1:3 : I[1, 3]m
i
1,3 → I[1, 3]mi+11,3
Bb mMB[m2Hv /2i2`KBM2/ M/ BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 i?2 #bBb Q7
Φi :
⊕
1≤b≤d≤3
I[b, d]mib,d →
⊕
1≤b≤d≤3
I[b, d]m
i+1
b,d .
S`QQ7X G2i Ψi #2  KQ`T?BbK BbQKQ`T?B+ iQ Φi- r?B+? Bb r`Bii2M b  +QKKmiiBp2
/B;`K ⊕
1≤b≤d≤n I[b, d]mb,d
⊕
1≤b≤d≤n I[b, d]
m′b,d
⊕
1≤b≤d≤n I[b, d]mb,d
⊕
1≤b≤d≤n I[b, d]
m′b,d
Φi
C ∼=
Ψi
R ∼=
7Q` bQK2 BbQKQ`T?BbKb C M/ RX LK2Hv- Φi = RΨiC- M/ #v G2KK 9XkXR- TTHvBM;
i?2 `2bi`B+iBQM vB2H/b
Φi
1:3
1:3 = [RΨiC]
1:3
1:3
= R1:31:3Ψi
1:3
1:3C
1:3
1:3 .
"v G2KK 9XkXk- R1:31:3 M/ C1:31:3 `2 BbQKQ`T?BbKb- ?2M+2 Φi1:31:3 Bb BbQKQ`T?B+ iQ Ψi1:31:3X
aBM+2 `2;`/BM; I[1, 3] = (K idK← K idK→ K) b K QKBib MQ BM7Q`KiBQM- i?2 b2[m2M+2
Λ[1, 3] +M #2 b22M b  b2[m2M+2 Q7 p2+iQ` bT+2b
Km
1
1,3 → Km21,3 → · · ·→ Kmn1,3 , U9XjV
r?B+? Bb M An ivT2 `2T`2b2MiiBQMX q2 +HH i?Bb `2T`2b2MiiBQM T2`bBbi2Mi ?QKQHQ;v Q7 i?2
bKTH2/ KT f!SX .2+QKTQbBM; BMiQ BMi2`pHb- r2 +M /`r  T2`bBbi2M+2 /B;`K- r?B+?
b?Qrb mb i?2 H2M;i? Q7 i?2 ;2M2`iQ`b Q7 ?QKQHQ;v BM #Qi? }Hi`iBQMb r?B+? `2 bbB;M2/
#v f X aBKmHiM2QmbHv- r2 ?p2 +QMbi`m+i2/ i?2 }Hi`iBQM Q7 +QKTH2t2b TT`QtBKiBM;
i?2 mMFMQrM bT+2b X M/ f(X)X
h?Bb T2`bBbi2M+2 /B;`K T`QpB/2b MQ BM7Q`KiBQM #Qmi 2B;2Mp2+iQ`b- mMHBF2 2`HB2`
`2b2`+? (R9)X >Qr2p2`- Bi +M #2 TTHB2/ rB/2HvX 6B`bi- bBM+2 Qm` K2i?Q/ /Q2b MQi mb2 i?2
8y
9XjX ai#BHBiv MHvbBb
2B;2MbT+2 7mM+iQ`- r2 M22/ MQi `2[mB`2 #Qi? bB/2bǶ bT+2b iQ #2 i?2 bK2X h?2`27Q`2-
2p2M BM i?2 +b2 Q7 bKTH2/ /vMKB+H bvbi2Kb X = Y HBF2 i?2 2`HB2` `2b2`+?- r2
+M r2F2M i?2 bbmKTiBQM f!S : S → S iQ f!S : S → f(S) M/ iF2 MQi?2` }Hi`iBQM
QM f(S)X UA7 f(S) Bb MQi bm{+B2MiHv /2Mb2 7Q` bKTHBM; X- i?2M r2 +M iF2 S ∪ f(S)
BMbi2/XV JQ`2Qp2`- bBM+2 i?2 T`2pBQmb K2i?Q/ M22/b iQ b2i M 2B;2MpHm2 #27Q`2 MHvbBb-
i?2v ?p2 iQ T`2/B+i bQK2 #2?pBQ` Q7 f BM /pM+2X "v +QMi`bi- Qm` K2i?Q/ M22/b MQ
T`BQ` BM7Q`KiBQMX
9XjX ai#BHBiv MHvbBb
6Q`  iQQH BM iQTQHQ;B+H /i MHvbBb iQ #2 `2;`/2/ b T`+iB+H- i?2 QmiTmi T2`bBbi2M+2
/B;`Kb b?QmH/ #2?p2 +QMiBMmQmbHv iQr`/ BMTmi /iX am+?  T`QT2`iv Bb FMQrM b 
bi#BHBiv i?2Q`2K (Ry- 3)X +imHHv- i?2 T`QT2`iv ?b #22M T`Qp2/ 7Q` T2`bBbi2M+2 KQ/mH2b
QM RX
G2i vect #2 i?2 +i2;Q`v Q7 }MBi2 /BK2MbBQMH p2+iQ` bT+2b- R #2 i?2 TQb2i +i2;Q`v Q7
`2H MmK#2`bkX M Q#D2+i Q7 i?2 7mM+iQ` +i2;Q`v vectR Bb HbQ +HH2/  T2`bBbi2M+2 KQ/mH2
BM bQK2 TT2`bX hQ /BbiBM;mBb? Bi 7`QK Qm` /2}MBiBQM- r2 +HH i?Bb M R@T2`bBbi2M+2
KQ/mH2X
aT2+B}+HHv- 7Q` M R@T2`bBbi2M+2 KQ/mH2 M - r2 bbB;M  p2+iQ` bT+2 Mt 7Q` t ∈ R
M/  HBM2` KT ϕM(s, t) : Ms →Mt 7Q` s ≤ t ∈ R- r?2`2
ϕM(t, t) = idMt M/ ϕM(s, t) ◦ ϕM(r, s) = ϕM(r, t)
7Q` HH r ≤ s ≤ t ∈ RX q2 /2bB;Mi2 i?2 HBM2` KTb ϕM(s, t) i`MbBiBQM KTbX 
KQ`T?BbK f : M → N Q7 R@T2`bBbi2M+2 KQ/mH2b Bb  Mim`H i`Mb7Q`KiBQM,  +QHH2+iBQM
Q7 KQ`T?BbKb { ft : Mt → Nt | t ∈ R } +QKKmiBM;
Ms Mt
Ns Nt
fs
ϕM (s,t)
ft
ϕN (s,t)
7Q` HH s ≤ t ∈ RX
Ai Bb MQi2rQ`i?v i?i 2p2`v T2`bBbi2M+2 KQ/mH2 +M #2 bBKBH`Hv `2;`/2/ b  7mM+iQ`
7`QK  }MBi2 TQb2i +i2;Q`v iQ vectX JQ`2Qp2`- 2p2`v T2`bBbi2Mi ?QKQHQ;v UkXjV +M #2
2K#2//2/ BMiQ M R@T2`bBbi2M+2 KQ/mH2X
h?2 7mM/K2MiH Q#D2+ib Q7 R@T2`bBbi2M+2 KQ/mH2b `2 BMi2`pH KQ/mH2b KI 7Q` BM@
i2`pHb I ⊂ R- ;Bp2M b (KI)t = K 7Q` t ∈ I M/ (KI)t = 0 Qi?2`rBb2- M/ rBi? i?2
KQ`T?BbK +Q``2bTQM/BM; iQ s ≤ t ∈ I Bb M B/2MiBiv KTX b Bb i?2 +b2 rBi? T2`bBbi2Mi
?QKQHQ;v- 2p2`v R@T2`bBbi2M+2 KQ/mH2 +M #2 /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BMi2`pH
KQ/mH2b (RR)X
q2 +M /2}M2  /BbiM+2 #2ir22M R@T2`bBbi2M+2 KQ/mH2b- +HH2/ i?2 BMi2`H2pBM; /Bb@
iM+2X
k6Q` x, y ∈ R-  KQ`T?BbK x→ y mMB[m2Hv 2tBbib B7 M/ QMHv B7 x ≤ yX
8R
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
.2}MBiBQM 9XjXRX 6Q` δ ≥ 0- /2}M2 i?2 7mM+iQ` (·)(δ) : vectR → vectR- +HH2/ i?2 b?B7i
7mM+iQ`- b 7QHHQrbX 6Q` M R@T2`bBbi2M+2 KQ/mH2 M - M(δ)t := Mt+δ M/ ϕM(δ)(s, t) :=
ϕM(s+ δ, t+ δ)X 6Q`  KQ`T?BbK f BM vectR- f(δ) := ft+δX
.2}MBiBQM 9XjXkX 6Q` M R@T2`bBbi2M+2 KQ/mH2M M/ δ ≥ 0- i?2 δ@i`MbBiBQM KQ`T?BbK
ϕM(δ) : M →M(δ) Bb /2}M2/ b ϕM(δ)t := ϕM(t, t+ δ)X
.2}MBiBQM 9XjXjX R@T2`bBbi2M+2 KQ/mH2b M M/ N `2 bB/ iQ #2 δ@BMi2`H2p2/ B7 i?2`2
2tBbi KQ`T?BbKb f : M → N(δ) M/ g : N →M(δ) bm+? i?i
g(δ) ◦ f = ϕM(2δ) M/ f(δ) ◦ g = ϕN(2δ).
h?2 BMi2`H2pBM; /BbiM+2 dI : vectR × vectR → [0,∞] Bb /2}M2/ b
dI(M,N) := inf
δ
{M M/ N `2 δ@BMi2`H2p2/ } .
M Q7i2M mb2/ /BbiM+2 #2ir22M T2`bBbi2M+2 /B;`Kb Bb i?2 #QiiH2M2+F /BbiM+2- r?B+?
Bb /2}M2/ #v #BD2+iBQMb #2ir22M i?2KX Ai Bb r2HH@FMQrM i?i i?2 BMi2`H2pBM; /BbiM+2
Q7 R@T2`bBbi2M+2 KQ/mH2b Bb 2[mH iQ i?2 #QiiH2M2+F /BbiM+2 Q7 i?2B` T2`bBbi2M+2 /B@
;`Kb (kj- j)X *QMb2[m2MiHv- #v b?QrBM; i?i  /BbiM+2 #2ir22M BMTmi /i Bb ;`2i2`
i?M i?2 BMi2`H2pBM; /BbiM+2 Q7 i?2B` R@T2`bBbi2M+2 KQ/mH2- r2 +M T`Qp2 i?2 bi#BHBiv
Q7 i?2 T2`bBbi2M+2 /B;`Kb iQr`/ BMTmi /iX
AM MHQ;v rBi? i?2 TT2` Q7 2B;2MbT+2 7mM+iQ`b (R9)- bi#BHBiv i?2Q`2Kb 7Q` bQK2
}Hi`iBQMb HbQ ?QH/ QM Qm` MHvbBb b 7QHHQrbX h?2 /Bb+`2i2 b2iiBM; /Bb+mbb2/ BM am#b2+@
iBQM 9XkXR Bb bm{+B2Mi 7Q` BKTH2K2MiiBQM- #mi r2 2ti2M/ Bi iQ  +QMiBMmQmb MHvbBb iQ
T`Qp2 Bib bi#BHBivX
LQr r2 mb2 i?2 7QHHQrBM; }Hi`iBQMb 7Q` S M/ f(S)X G2i dRn×Rn #2  /BbiM+2 QM
Rn × Rn /2}M2/ b
dRn×Rn((x1, y1), (x2, y2)) := max{dRn(x1, x2), dRn(y1, y2)},
r?2`2 dRn Bb i?2 1m+HB/2M K2i`B+ QM RnX 6Q`  bm#b2i B Q7 Rn- r2 /2}M2  7mM+iBQM
dB : Rn → R≥0 iQ #2 BM}KmK /BbiM+2 iQ  TQBMi BM BX aBKBH`Hv- r2 #mb2 i?2 bK2
bvK#QH M/ /2}M2 i?2 7mM+iBQM dB : Rn × Rn → R≥0 7Q`  bm#b2i B Q7 MQi?2` bT+2
Rn × RnX q2 mb2 i?2 MQiiBQM Br := d−1B [0, r] iQ /2MQi2 i?2 bm#H2p2H b2ibX
G2i Top(bf) #2 i?2 7mM+iQ` +i2;Q`v 7`QK i?2 A3(bf) ivT2 [mBp2` (· ← · → ·) b 
TQb2i +i2;Q`v iQ i?2 +i2;Q`v Q7 iQTQHQ;B+H bT+2bX h?2 bm#H2p2H b2ib Sr- f(S)r- M/
Gr(f!S)r +QMbiBimi2 i?2 }Hi`iBQM {Sr ← Gr(f!S)r → f(S)r } BM Top(bf) rBi? KQ`T?BbKb
BM/m+2/ #v i?2 BM+HmbBQMb r?B+? +QKKmi2 i?2 /B;`K
Sr Gr(f!S)r f(S)r
Ss Gr(f!S)s f(S)s
U9X9V
7Q` 2p2`v s ≤ r ∈ R≥0X
8k
9XjX ai#BHBiv MHvbBb
AM i?2 bK2 rv b i?i 7Q` i?2 /Bb+`2i2 MHvbBb- TTHvBM; i?2 ?QKQHQ;v 7mM+iQ`
H iQ i?2 }Hi`iBQM T`Q/m+2b {HSr ← H Gr(f!S)r → Hf(S)r }- r?B+? Bb  7KBHv Q7
Q#D2+ib BM i?2 `2T`2b2MiiBQM +i2;Q`v rep(A3(bf)) rBi? i?2 BM/m+2/ KQ`T?BbKb 7`QK
.B;`K U9X9VX
_2K`FX q2 ?p2 +QMbi`m+i2/ i?2 /Bz2`2Mi `2T`2b2MiiBQMb 7`QK i?2 T`2pBQmb `2T`2@
b2MiiBQMb mbBM; +QKTH2t2b M/ /QKBMb- #mi i?2b2 `2 BbQKQ`T?B+ B7 r2 /QTi Ì2+?
+QKTH2t2bX Ai Bb FMQrM #v i?2 L2`p2 G2KK (9) i?i- B7 B Bb  }MBi2 bm#b2i BM  K2i`B+
bT+2- i?2M i?2 bm#H2p2H b2i Br Bb ?QKQiQTv 2[mBpH2Mi iQ i?2 Ì2+? +QKTH2t Q7 B rBi?
`/Bmb rX h?2`27Q`2- H2iiBM; Cr- Er- M/ Dr #2 Ì2+? +QKTH2t2b rBi? `/Bmb r Q7 i?2
}MBi2 bm#b2ib S- Gr(f!S)- M/ f(S) `2bT2+iBp2Hv- i?Bb 7KBHv Bb BbQKQ`T?B+ iQ i?2 7KBHv
{HCr ← HEr → HDr }X JQ`2Qp2`- i?2 S`QD2+iBQM G2KK (R9- TX RkjR) b?Qrb i?i i?Bb
7KBHv Bb BbQKQ`T?B+ iQ i?2 7KBHv {HCr ← H domκr → HDr }X
aBM+2 /2+QKTQbBM; 2p2`v `2T`2b2MiiBQM BMiQ BMi2`pHb Bb BbQKQ`T?B+ BM i?2 7mM+iQ`
+i2;Q`v rep(A3(bf))R- i?2 7KBHv {HSr ← H Gr(f!S)r → Hf(S)r } Bb BbQKQ`T?B+ iQ
{⊕1≤b≤d≤3 I[b, d]mrb,d }- M/ i?2 BM/m+2/ KQ`T?BbKb +M #2 r`Bii2M BM #HQ+F Ki`Bt 7Q`K
;BMX
"v G2KK 9XkXR M/ h?2Q`2K 9XkXj- i?2 7KBHv { I[1, 3]mr1,3 } M/ i?2 BM/m+2/ KQ`@
T?BbKb `2 mMB[m2Hv /2i2`KBM2/ mT iQ BbQKQ`T?BbKX h?Bb ;Bp2b mb i?`22 +QTB2b Q7 i?2 R@
T2`bBbi2M+2 KQ/mH2 {Kmr1,3 = Kmr1,3 = Kmr1,3 }X h?mb- r2 Q#iBM M R@T2`bBbi2M+2 KQ/@
mH2 {Kmr1,3 }X q2 /2MQi2 i?Bb R@T2`bBbi2M+2 KQ/mH2 Q7 i?2 bKTH2/ KT f!S b M f!S
M/ +HH Bi i?2 R@T2`bBbi2M+2 KQ/mH2 Q7 i?2 bKTH2/ KTX
h?2Q`2K 9XjX9X G2i dH #2  >mb/Q`z /BbiM+2 BM/m+2/ #v dRn×Rn X 6Q` irQ bKTH2/
KTb h : S → Rn M/ h′ : S ′ → Rn- H2i Mh- Mh′ #2 i?2 R@T2`bBbi2M+2 KQ/mH2b Q7 i?2
bKTH2/ KTbX h?2M-
dI(M
h,Mh
′
) ≤ dH(Gr(h),Gr(h′)).
S`QQ7X G2i ε := dH(Gr(h),Gr(h′))- M/ r #2 M `#Bi``v MQM@M2;iBp2 `2H MmK#2`X
"v i?2 /2}MBiBQM Q7 >mb/Q`z /BbiM+2- Gr(h)r ⊂ Gr(h′)r+ε M/ Gr(h′)r ⊂ Gr(h)r+εX
JQ`2Qp2`- ε = dH(Gr(h),Gr(h′)) BKTHB2b i?i dH(S, S ′) ≤ ε M/ dH(h(S), h′(S ′)) ≤ ε-
?2M+2 Sr ⊂ S ′r+ε- S ′r ⊂ Sr+ε- h(S)r ⊂ h′(S ′)r+ε- M/ h′(S ′)r ⊂ h(S)r+ε b r2HHX h?2b2
BM+HmbBQMb H2/ iQ i?2 7QHHQrBM; +QKKmiiBp2 /B;`Kb,
S ′r+ε Gr(h
′)r+ε h′(S ′)r+ε
Sr Gr(h)r h(S)r
M/
Sr+ε Gr(h)r+ε h(S)r+ε
S ′r Gr(h
′)r h′(S ′)r
.
"v i?i 7mM+iQ`BHBiv- Bi Bb bi`B;?i7Q`r`/ i?i i?2b2 BM+HmbBQMb BM/m+2 ε@BMi2`H2pBM;
KQ`T?BbKb #2ir22M Mh M/ Mh′ X
8j
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
++Q`/BM;Hv- i?2 Q#iBM2/ T2`bBbi2M+2 KQ/mH2b M/ T2`bBbi2M+2 /B;`Kb +M QMHv ?p2
b Km+? MQBb2 b S Q` Bib 2pHmiBQM #v f X
9X9X .Bb+mbbBQM
9X9XRX :`B/ 6BHi`iBQM
AM a2+iBQM 9Xj- r2 Q#b2`p2/ i?i i?2 H;Q`Bi?Kb /Bb+mbb2/ BM am#b2+iBQM 9XkXR `2 T@
THB+#H2 iQ i?2 }Hi`iBQMb ;2M2`i2/ #v 2tTM/BM;  ;`T?X h?Bb T2`bT2+iBp2 T`QpB/2b
 T2`bBbi2Mi TT`Q+? iQ +Q``2bTQM/2M+2b Q7 bKTH2/ KTb +QMbi`m+i2/ #v /BpB/BM; i?2
bT+2 (kR)X
amTTQb2 i?2 bT+2b X M/ Y `2 2K#2//2/ BMiQ 1m+HB/2M bT+2 Rn- M/ #Qi? Rn `2
/BpB/2/ #v n@/BK2MbBQMH ε@+m#2b
{ [a1ε, (a1 + 1)ε]× · · ·× [anε, (an + 1)ε] | a1, . . . , an ∈ Z } .
hQ /BbiBM;mBb? i?2 irQ /BpBbBQMb- r2 r`Bi2 i?Bb b2i b X 7Q` i?2 X bB/2 1m+HB/2M bT+2
M/ Y 7Q` Y bB/2X G2i f!S #2  bKTH2/ KT Q7  +QMiBMmQmb KT f : X → Y - M/ p M/
q #2 i?2 +MQMB+H T`QD2+iBQMb Q7 Rn × Rn iQ i?2 X@bB/2 M/ Y @bB/2 1m+HB/2M bT+2b
`2bT2+iBp2HvX 6B`bi- r2 ;2M2`i2  +Q``2bTQM/2M+2
F f!Sε := { (x, y) ∈ Rn × Rn | x ∈ ∃X ′ ∈ X , y ∈ ∃Y ′ ∈ Y , (X ′ × Y ′) ∩Gr(f!S) ̸= ∅ }
r?2`2 Gr(f!S) := { (s, f(s)) | s ∈ S }X
AM i?Bb b2imT- r2 mb2 i?2 L∞ K2i`B+ d∞((xi), (yi)) := maxi(|xi − yi|) 7Q` #Qi? bT+2b
Rn M/ Rn × RnX .2}MBM; i?2 }Hi`iBQM Q7  +Q``2bTQM/2M+2
Fiε := (F
f!S
ε )iε = { r ∈ Rn × Rn | d∞(r, F f!Sε ) ≤ iε } (i ∈ Z≥0)
M/ KQ`T?BbKb piε := p!Fiε M/ qiε := q!Fiε - r2 ?p2 i?2 bBKBH` /B;`K iQ i?i Q#iBM2/#27Q`2-
XXX XXX XXX
p(F(i+1)ε) F(i+1)ε q(F(i+1)ε)
p(Fiε) Fiε q(Fiε)
XXX XXX XXX
p(i+1)ε q(i+1)ε
piε qiε
i?2`2#v HHQrBM; mb iQ Q#iBM i?2 }Hi`iBQMb { p(Fiε) } M/ { q(Fiε) }- +Tim`BM; i?2 T2`bBb@
i2Mi iQTQHQ;B+H 72im`2b X M/ f(X)X ;BM- i?2 ?QKQHQ;v 7mM+iQ` /2`Bp2b i?2 b2[m2M+2
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9X9X .Bb+mbbBQM
Q7 KQ`T?BbKb BM rep(A3(bf))X h?2`27Q`2- r2 +M 2t2+mi2 i?2 bK2 MHvbBb b #27Q`2-
i`Mb7Q`KBM; Bi BMiQ #HQ+F Ki`Bt 7Q`K- `2bi`B+iBM; iQ i?2 #HQ+Fb (1:3, 1:3)- B/2MiB7vBM;
Bi rBi?  `2T`2b2MiiBQM Q7 i?2 [mBp2` An- M/ +QMb2[m2MiHv T`Q/m+BM;  T2`bBbi2M+2
/B;`KX
h?Bb K2i?Q/ Q7 MHvbBb ?b i?2 7QHHQrBM; bi#BHBivX q2 `2K`F i?i i?2 QmiTmi T2`@
bBbi2Mi ?QKQHQ;v Bb `2;`/2/ b M R@T2`bBbi2M+2 KQ/mH2 #v i?2 2K#2//BM; BM/m+2/
#v
Fr :=
{
0 r < 0
Fiε iε ≤ r < (i+ 1)ε 7Q` i ∈ Z≥0
.
h?2Q`2K 9X9XRX G2i dH #2  >mb/Q`z /BbiM+2 BM/m+2/ #v d∞X 6Q` irQ bKTH2/
KTb h : S → Rn M/ h′ : S ′ → Rn- H2i {Fiε } M/ {F ′iε } #2 i?2 `2bT2+iBp2 }Hi`iBQMb
Q7 +Q``2bTQM/2M+2b- M/ H2i Mh M/ Mh′ #2 i?2B` QmiTmi R@T2`bBbi2M+2 KQ/mH2bX A7
dH(Gr(h),Gr(h′)) ≤ ε- i?2M dI(Mh,Mh′) ≤ εX
S`QQ7X h?2 bbmKTiBQM dH(Gr(h),Gr(h′)) ≤ ε /2`Bp2b i?2 BM2[mHBiv dH(F hε , F h′ε ) ≤ εX
h?2`27Q`2 i?2`2 2tBbi i?2 BM+HmbBQMb
p(F ′(i+1)ε) F
′
(i+1)ε q(F
′
(i+1)ε)
p(Fiε) Fiε q(Fiε)
M/
p(F(i+1)ε) F(i+1)ε q(F(i+1)ε)
p(F ′iε) F
′
iε q(F
′
iε)
.
Ai Bb +H2` i?i i?2b2 BM+HmbBQMb BM/m+2 i?2 ε@BMi2`H2pBM; KQ`T?BbKb #2ir22M Mh M/
Mh
′ X
9X9XkX 6mM+iQ`BHBiv 7Q` Pi?2` AMi2`pHb M/ P`B2MiiBQMb
h?2 7mM+iQ`BHBiv H2KK- G2KK 9XkXR- +M #2 ;2M2`HBx2/ 7Q` i?2 `2bi`B+iBQM iQ 2p2`v
ǳ/B;QMHǴ #HQ+FX S`2+Bb2Hv- bBM+2 i?2 +M/B/i2 Q7 BMi2`pHb I[c, d] biBb7vBM; `2HiBQMb
I[a, b] " I[c, d] " I[a, b] Bb QMHv I[c, d] = I[a, b]-
[ΨΦ]a:ba:b = Ψ
a:b
a:bΦ
a:b
a:b.
?QH/b 7Q` HH I[a, b]X h?Bb `2bmHi +M #2 +?2+F2/ 2bBHv- MQi QMHv QM i?2 Q`B2MiiBQM bf #mi
HbQ QM 2p2`v Q`B2MiiBQM Q7 Mv H2M;i?- b 7QHHQrbX
amTTQb2 I[c, d] ̸= I[a, b]- r?B+? +M ?TT2M r?2M a ̸= c Q` r?2M b ̸= dX AM i?2 +b2
i?i a ̸= c- r2 Kv bbmK2 a < c rBi?Qmi HQbb Q7 ;2M2`HBivX q?2M (c− 1)@i? Q`B2MiiBQM
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*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
Bb f - +QMbB/2` g = { gi }ni=1 ∈ Hom(I[a, b], I[c, d])X h?2M- i?2 +QKKmiiBp2 /B;`K Q7 i?2
KQ`T?BbK g 7`QK (c− 1) iQ c Bb
0 K
K K
idK
idK
gc−1 gc .
Ai Bb Q#pBQmb i?i gc−1 = 0- M/ i?2 +QKKmiiBpBiv /2`Bp2b gc = 0X "v i?2 bK2 /Bb+mbbBQM
BM i?2 T`QQ7 Q7 G2KK jXRXj- i?2 +QKKmiiBpBiv Q7 i?2 /B;`K QM g /2`Bp2b gi = 0 7Q` i?2
Qi?2` p2`iB+2b i- BX2X- g = 0X *QMb2[m2MiHv- Hom(I[a, b], I[c, d]) = 0- ?2M+2 I[a, b] ̸" I[c, d]X
q2 +M b?Qr I[c, d] ̸" I[a, b] r?2M (c−1)@i? Q`B2MiiBQM Bb b BM  bBKBH` /Bb+mbbBQM- mbBM;
i?2 +QKKmiiBp2 /B;`K
K K
0 K
idK
idK
gc−1 gc .
aBKBH` `;mK2Mib HbQ ?QH/ BM i?2 +b2 i?i b ̸= d- +QM+Hm/BM; I[a, b] ̸" I[c, d] Q` I[c, d] ̸"
I[a, b]X
h?i Bb r?v r2 +M 2ti2M/ i?2 bii2K2Mi QM i?2 Q`B2MiiBQM bf iQ ;2M2`H τn b b?QrM
#2HQrX
S`QTQbBiBQM 9X9XkX G2i
Φ :
⊕
1≤a≤b≤n
I[a, b]m1a,b →
⊕
1≤a≤b≤n
I[a, b]m2a,b
M/
Ψ :
⊕
1≤a≤b≤n
I[a, b]m2a,b →
⊕
1≤a≤b≤n
I[a, b]m3a,b
#2 #HQ+F Ki`Bt 7Q`Kb Q7 Q#D2+ib BM i?2 ``Qr +i2;Q`v arr(rep(An(τn)))- i?2M
[ΨΦ]a:ba:b = Ψ
a:b
a:bΦ
a:b
a:b
7Q` HH 1 ≤ a ≤ b ≤ nX
h?Bb T`QT2`iv +M #2 miBHBx2/ 7Q` k@. T2`bBbi2M+2 KQ/mH2b- r?B+? `2 `2T`2b2MiiBQMb
rBi? i?2 b?T2
Mn1,1 Mn1,2 · · · Mn1,n2
XXX XXX XXX
M2,1 M2,2 · · · M2,n2
M1,1 M1,2 · · · M1,n2
U9X8V
8e
9X9X .Bb+mbbBQM
r?2`2 2p2`v `Qr ?b i?2 bK2 Q`B2MiiBQM τn2 X h?2 k@. T2`bBbi2M+2 KQ/mH2b bQK2iBK2b
TT2` M/ +mb2 /B{+mHiB2b BM i?2 +QMi2ti Q7 T2`bBbi2M+2 MHvbBb 7Q` iBK2 b2`B2b /iX
a22 (d) 7Q` /2iBHb M/ ?B;?2` /BK2MbBQMH T2`bBbi2M+2X
AM Qm` +QMi2ti- i?2 k@. T2`bBbi2M+2 KQ/mH2 Mim`HHv TT2`b r?2M r2 +QMbB/2` Bi2`@
iBQMb Q7  bKTH2/ KT Q` +QKTQbBiBQMb Q7 bKTH2/ KTbX amTTQb2 r2 ?p2  iBK2 b2`B2b
Q7 bQK2 TQBMi +HQm/b {S1, S2, . . . , ST } BM i?2 bK2 1m+HB/2M bT+2- rBi? i?2B` i`MbBiBQM
b KTb { fi : Si → Si+1 }X q2 ;2M2`i2  }Hi`iBQM Q7 bBKTHB+BH +QKTH2t2b Ct1 ⊂ · · · ⊂ Ctn
7Q` 2+? StX b b?QrM BM am#b2+iBQM 9XkXR- i?2 KTb #2ir22M TQBMib BM/m+2  }Hi`iBQM
Q7 T`iBH KTb κti : Cti ! Ct+1i - r?B+? BM/m+2b  +QKKmiiBp2 /B;`K
XXX XXX XXX XXX
C1i+1 domκ
1
i+1 C
2
i+1 · · · CTi+1
C1i domκ
1
i C
2
i · · · CTi
XXX XXX XXX XXX
U9XeV
#v iFBM; i?2B` /QKBMbX b  +QMb2[m2M+2- i?2 ?QKQHQ;v 7mM+iQ` BM/m+2b i?2 k@.
T2`bBbi2M+2 KQ/mH2 7`QK i?2 #Qp2 /B;`KX AM i?Bb +b2- r2 +M Q#b2`p2 i?2 k@.
T2`bBbi2M+2 KQ/mH2 7`QK i?2 pB2rTQBMi i?i i?2 ?Q`BxQMiH Up2`iB+HV /B`2+iBQM QM i?2
/B;`K /2b+`B#2b T2`bBbi2M+2 BM iBK2 UbT+2- `2bT2+iBp2HvVX
G2i mb ;Q #+F iQ .B;`K U9X8VX AM i?2 bK2 rv b BM i?2 bT2+B}+ +b2 τn2 = bf -
.B;`K U9X8V +M #2 `2;`/2/ b  b2[m2M+2 Q7 KQ`T?BbKb BM i?2 +i2;Q`v rep(An2(τn2))X
"v /2+QKTQbBM; `2T`2b2MiiBQMb Q7 An2(τn2) BM 2+? `Qr- r2 +M /2H rBi? i?2 KQ`T?BbKb
b Ki`B+2b BM #HQ+F Ki`Bt 7Q`KX _2bi`B+iBM; 2+? Ki`Bt iQ i?2 /B;QMH #HQ+F (a:b, a:b)
/2`Bp2b  b2[m2M+2 Q7 Ki`B+2b r?Qb2 /QKBMb M/ +Q/QKBMb `2 /B`2+i bmKb Q7 I[a, b]X
b i?Bb b2[m2M+2 +QKT`Bb2b b−a +QTB2b Q7 MQMx2`Q `2T`2b2MiiBQMb Q7 An1 M/ n2−(b−a)
+QTB2b Q7 x2`Q `2T`2b2MiiBQMb- r2 +M iF2 QM2 Q7 i?2 MQMx2`Q `2T`2b2MiiBQMbX 6BMHHv-
r2 Q#iBM i?2 T2`bBbi2M+2 /B;`K #v /2+QKTQbBiBQMX S`QTQbBiBQM 9X9Xk 2Mbm`2b i?2
mMB[m2M2bb Q7 i?2 QmiTmi T2`bBbi2M+2 /B;`KX
AM i?2 +b2 Q7 k@. T2`bBbi2M+2 KQ/mH2b /2`Bp2/ 7`QK .B;`K U9XeV- r?2M r2 iF2 i?2
#HQ+F (a:b, a:b) b (1:n2, 1:n2)- 2+? ;2M2`iQ` Q7 i?2 QmiTmi T2`bBbi2M+2 KQ/mH2 bm`pBp2b
mM/2` HH i`MbBiBQMb- M/ Bib HB72iBK2 BM i?2 T2`bBbi2M+2 /B;`K b?Qrb ?Qr `Q#mbi Bi Bb
BM i?2 1m+HB/2M bT+2X Hi?Qm;? i?Bb T`Q+2bb B;MQ`2b Km+? BM7Q`KiBQM biQ`2/ BM i?2
Qi?2` #HQ+Fb- Bi Bb M TT`Q+? iQ k@. T2`bBbi2M+2 MHvbBb i?i +M +Tim`2 i?2 `Qm;?
iQTQHQ;B+H bi`m+im`2bX
8d
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
h?2 mi?Q` ?b BKTH2K2Mi2/ i?2 H;Q`Bi?K BM am#b2+iBQM 9XkXR mbBM; i?2 *YY HM;m;2X
>2`2 r2 }t i?2 }2H/ 7Q` i?2 +Q2{+B2Mi Q7 Ki`B+2b M/ i?2 ?QKQHQ;v 7mM+iQ` b Z/1009ZX
_2K`FX hQ BKTH2K2Mi i?2 H;Q`Bi?K QM +QKTmi2`b- r2 Kmbi mb2 }MBi2 }2H/b b i?2
+Q2{+B2MiX >2`2- 2p2`v KT Bb r`Bii2M b  Ki`BtX A7 r2 +?QQb2 i?2 }2H/ Z/2Z b
i?2 +Q2{+B2Mi- i?2M 2p2`v 2Mi`v rBi? i?2 T`BK2 7+iQ` 2 BM i?2 Ki`Bt Bb `2;`/2/ b
0X 6Q` 2tKTH2-  ?QKQHQ;v ;2M2`iQ` a KTT2/ b f∗(a) = 2a- bm+? b i?2 2tKTH2
/Bb+mbb2/ Hi2` M/ BM 6B;m`2 9Xk- Bb B;MQ`2/X h?2`27Q`2- Bi Bb #2ii2` iQ +?QQb2  H`;2`
T`BK2 MmK#2` p b i?2 +Q2{+B2Mi Z/pZ iQ `2i`B2p2 KQ`2 ;2M2`iQ`bX
h?2 BKTH2K2MiiBQM mb2b oB2iQ`BbĜ_BTb +QKTH2t2b 7Q` bBKTHB+Biv- Hi?Qm;? Ì2+? +QK@
TH2t2b `2 i?2Q`2iB+HHv KQ`2 biBb7vBM; b K2MiBQM2/ BM am#b2+iBQM kXkXRX 1t+2Ti 7Q`
i?2 +QMbi`m+iBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 7`QK i?2 b2[m2M+2 Q7 i?2 TB`b Q7 i?2 KTb
{ (ιi∗,κ′i∗) }- Bi #bB+HHv 7QHHQrb i?2 H;Q`Bi?K BM (R9)X
6B`bi- r2 ;2M2`i2 i?2 #QmM/`v Ki`Bt BM/m+2/ #v i?2 }Hi`iBQM Q7 i?2 oB2iQ`BbĜ_BTb
+QKTH2t2b 7Q` 2+? TQBMi +HQm/b S M/ f(S)c i?2M r2 ;2M2`i2 i?2 #QmM/`v Ki`Bt
Q7 i?2 /QKBM }Hi`iBQMX h?2b2 #QmM/`v Ki`B+2b `2 biQ`2/ b bT`b2 Ki`B+2b Q7 i?2
1B;2M HB#``v (jy)- M/ r2 mb2 i?2 Q`B;BMH T2`bBbi2M+2 H;Q`Bi?K (Rj) iQ +QKTmi2 i?2
`2/m+2/ #QmM/`v Ki`B+2b M/ i?2 #b2b Q7 i?2 T2`bBbi2Mi ?QKQHQ;v Q7 i?2 }Hi`iBQMX
a2+QM/- bBM+2 r2 +M Q#iBM i?2 ?QKQHQ;v #b2b 7Q` 2+? }Hi`iBQM- r2 ;2M2`i2 i?2
KTb ιi∗ M/ κ′i∗ b Ki`B+2b #2ir22M i?2 ?QKQHQ;v #bBb 7Q` 2+? }Hi2`X AM i?2 bK2
rv- r2 +QKTmi2 i?2 BM/m+2/ KTb Q7 i?2 BM+HmbBQMb j∗ : H domκi → H domκi+1 b
Ki`B+2bX hQ Q#iBM i?2 #bBb Q7 I[1, 3] 7Q` 2+? Ki`Bt ιi∗ M/ κ′i∗- r2 2t2+mi2 i?2
7QHHQrBM; 2H2K2Mi`v `Qr M/ +QHmKM QT2`iBQMbX
RX h`Mb7Q`K ιi∗ iQ aKBi? MQ`KH 7Q`K,
P1ιi∗Q1 =
[
Er1 0
0 0
]
,
r?2`2 P1 M/ Q1 `2bT2+iBp2Hv /2MQi2 `2;mH` Ki`B+2b +Q``2bTQM/BM; iQ 2H2K2Mi`v
QT2`iBQMb- M/ r?2`2 r1 Bb i?2 `MF Q7 ιi∗X
kX aBM+2 ιi∗ M/ κ′i∗ b?`2 i?2 bK2 #bBb 7Q` i?2 +QHmKMb- i?2 2H2K2Mi`v +QHmKM
QT2`iBQMb Q1 `2 T2`7Q`K2/ bBKmHiM2QmbHv QM κ′i∗
κ′i∗Q1 =
[
X1 X2
]
,
r?2`2 X1 Bb i?2 bm#Ki`Bt QM i?2 #bBb Q7 +QHmKMb +Q``2bTQM/BM; iQ i?2 #Qp2
Er1 - M/ r?2`2 X2 Bb i?2 bm#Ki`Bt +Q``2bTQM/BM; iQ i?2 0 +QHmKMb BM P1ιi∗Q1X
jX h`Mb7Q`K X2 iQ aKBi? MQ`KH 7Q`K rBi? 2H2K2Mi`v `Qr QT2`iBQMb P2 M/ 2H2@
K2Mi`v +QHmKM QT2`iBQMb Q2[
P2X1
Er2 0
0 0
]
=
[
X3 Er2 0
X4 0 0
]
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9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
r?2`2 P2X1 Bb /BpB/2/ BMiQ bm#Ki`B+2b Q7 TT`QT`Bi2 bBx2b QM i?2 `B;?i@?M/ bB/2X
q2 `2K`F i?i i?2b2 +QHmKM QT2`iBQMb ?p2 MQ bB/2 2z2+i QM i?2 ιi∗ bB/2 Ki`Bt
bBM+2 2p2`v +QHmKM +Q``2bTQM/BM; iQ i?2 #bBb Bb x2`QX
9X w2`Q Qmi X3 #v Er2 mbBM; +QHmKM QT2`iBQMb rBi?Qmi Mv bB/2 2z2+i,[
0 Er2 0
X4 0 0
]
.
8X h`Mb7Q`K X4 iQ aKBi? MQ`KH 7Q`K,⎡⎣ 0 Er2 0Er3 0
0 0
0 0
⎤⎦ .
>2`2 i?2 +QHmKM QT2`iBQMb ?p2  bB/2 2z2+i QM Er1 i`Mb7Q`KBM; Bi iQ  Ki`Bt
X4- #mi X4 Bb `2;mH`- ?2M+2 r2 +M i`Mb7Q`K Bi iQ Er1 ;BM mbBM; QMHv `Qr
QT2`iBQMbX
eX 6BMHHv- r2 Q#iBM i?2 Ki`Bt i`Mb7Q`KiBQMb
ιi∗ 5→
[
Er3 0 0 0
0 Er3−r1 0 0
]
M/ κ′i∗ 5→
⎡⎣ 0 0 Er2 0Er3 0 0 0
0 0 0 0
⎤⎦ ,
r?B+? `2 /2+QKTQb2/ BMiQ BMi2`pHbX h?2 `Qrb M/ +QHmKMb +Q``2bTQM/BM; iQ irQ
Er3 `2 TB`b Q7 B/2MiBiv KTb- r?B+? `2 I[1, 3]X h?2`27Q`2 i?2 #bBb BM +QHmKM Er3
Bb r?i r2 rMiX
TTHvBM; i?2 +?M;2 Q7 #bBb Q7 H domκi /m`BM; i?2 #Qp2 +QHmKM QT2`iBQMb M/
`2bi`B+iBM; iQ i?2 #bBb +Q``2bTQM/BM; iQ Er3 - r2 }MHHv Q#iBM i?2 T2`bBbi2Mi ?QKQHQ;v
Q7 i?2 bKTH2/ KTX i Hbi r2 /2+QKTQb2 i?2 T2`bBbi2Mi ?QKQHQ;v BMiQ BMi2`pHb mbBM;
i?2 /2+QKTQbBiBQM H;Q`Bi?K BM (R9- am#b2+iBQM jX9) M/ THQi  T2`bBbi2M+2 /B;`KX
b M 2tKTH2 7Q` BMTmi /i- H2i mb +QMbB/2` i?2 irB+2 KT QM i?2 mMBi +B`+H2 f : S1 →
S1 /2}M2/ #v f(z) := z2X h?2 bKTH2/ TQBMib Q7 i?2 mMBi +B`+H2 `2 Ryy TQBMib zj :=
cos(2π j100) +
√−1 sin(2π j100) 7Q` 0 ≤ j < 100- rBi? //2/ :mbbBM MQBb2 rBi? σ ∈
[0.00, 0.30]X
 +QKTmiiBQMH `2bmHi Bb T`2b2Mi2/ BM 6B;m`2 9Xk- r?B+? TQ`i`vb i?2 bKTH2/ KT i
σ = 0.18 M/ Bib mMB[m2 ;2M2`iQ` Q7 i?2 T2`bBbi2M+2 /B;`KX h?2 ;2M2`iQ` Bb BM/22/
TT`QtBKiBM; i?2 mMBi +B`+H2- M/ r2 +M b22 i?i Bib BK;2 Bb im`MBM; `QmM/ i?2 Q`B;BM
irB+2X _2bmHib 7Q` Qi?2` MQBb2b `2 b?QrM BM 6B;m`2 9XjX
6B;m`2 9X9 T`2b2Mib i?2 T2`bBbi2M+2 /B;`Kb mM/2` +?M;BM; σ 7`QK 0 iQ 0.3X b
2tT2+i2/- i?2 HB72iBK2 Q7 i?2 mMB[m2 ;2M2`iQ` /2+`2b2b b i?2 MQBb2 ;2ib bi`QM;2`X
8N
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
6B;m`2 9XkX,  +QKTmiiBQMH `2bmHi 7Q` f(z) = z2X h?2 MmK#2` Q7 TQBMib Bb 100 M/ i?2
:mbbBM MQBb2 Bb i σ = 0.18X h?2 #H+F TQBMib `2 bKTH2/ TQBMib 7Q` i?2
/QKBM M/ i?2 #Hm2 +`Qbb2b `2 Bib BK;2 #v f X b T`2b2Mi2/ BM 6B;m`2 9X9-
i?2 ;2M2`iQ` Q7 i?2 T2`bBbi2M+2 /B;`K Q7 i?2b2 TQBMib Bb mMB[m2- r?B+? Bb
/2b+`B#2/ #v i?2 #H+F 2/;2b TT`QtBKiBM; i?2 mMBi +B`+H2X h?2 BK;2 Q7
i?2 ;2M2`iQ` Bb i?2 #Hm2 /b?2/ 2/;2b- M/ r2 +M Q#b2`p2 i?i Bi im`Mb
`QmM/ i?2 Q`B;BM irB+2X
ey
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
6B;m`2 9XjX, *QKTmiiBQMH `2bmHib 7Q` f(z) = z2 rBi? Ryy TQBMib i σ = 0.00- 0.09-
0.18- M/ 0.30X 1p2`v THQiiBM; `M;2 Bb `2bi`B+i2/ iQ [−1.5, 1.5]× [−1.5, 1.5]
iQ Q#b2`p2 i?2 ;2M2`iQ`bX h?2 +Q``2bTQM/BM; T2`bBbi2M+2 /B;`Kb `2 BM
6B;m`2 9X9X
eR
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
6B;m`2 9X9X, h?2 T2`bBbi2M+2 /B;`Kb 7Q` f(z) = z2 rBi? Ryy TQBMib i σ = 0.00- 0.09-
0.18- M/ 0.30X q2 +M Q#b2`p2 i?i 2+? T2`bBbi2M+2 /B;`K ?b i?2 mMB[m2
TQBMi- M/ Bi ;Q2b iQ i?2 /B;QMH HBM2 b i?2 MQBb2 ;2ib bi`QM;2`X
ek
TT2M/Bt X
hQTQHQ;B+H .i MHvbBb QM :`MmH`
Ji2`BHb
h?Bb TT2M/Bt Bb  bmKK`v Q7 i?2 Ki?2KiB+H T`i Q7 i?2 TT2`,
(ke) JX a/i7`- >X hF2m+?B- oX _Q#BMb- LX 6`M+QBb- M/ uX >B`QF- SQ`2 *QM};@
m`iBQM GM/b+T2 Q7 :`MmH` *`vbiHHBxiBQM- LiX *QKKmMX 3 UkyRdV- 15082X
h?Bb TT2` /2KQMbi`i2b i?2 mb#BHBiv Q7 T2`bBbi2Mi ?QKQHQ;v iQ BMp2biB;i2 +QM};m`@
iBQMb Q7 +pBiB2b BM ;`MmH` Ki2`BHb mbBM; T2`bBbi2Mi ?QKQHQ;vX h?2 BK Q7 i?Bb T@
T2M/Bt Bb iQ mM/2`biM/ r?v iQTQHQ;B+H MHvbBb Q7 /27Q`KiBQMb Q7 TQBMi +HQm/b- r?B+?
rb  KQiBpiBQM 7Q` #Qi? *?Ti2`b j M/ 9- Bb BKTQ`iMi M/ M22/2/ 7Q` 2tT2`BK2MiH
/i MHvbBbX
XRX S2`bBbi2M+2 .B;`Kb Q7 :`MmH` S+FBM;b
:`MmH` T+FBM;b `2 T?2MQK2M r?B+? 7`2[m2MiHv TT2` BM Mim`2 M/ BM/mbi`BH
}2H/b- i?2`27Q`2 Bi Bb BKTQ`iMi iQ bim/v i?2B` bi`m+im`2 M/ #2?pBQ`bX b  bBKTH2bi
KQ/2H Q7 ;`MmH` T+FBM;b- bT?2`2 T+FBM;b ?p2 #22M bim/B2/- r?B+? `2 +Hmbi2`b Q7
KQMQbBx2/ bT?2`2b BM +QMiBM2`bX .m2 iQ BKT`Qp2K2Mib Q7 s@`v +QKTmi2/ iQKQ;`T?v
U*hV b+Mb- r2 `2 MQr #H2 iQ /2i2+i KQ`2 ++m`i2Hv i?2 +QQ`/BMi2b Q7 i?2 +2Mi2`b
M/ i?2 `/BB Q7 bm+? bT?2`2b- M/ `2b2`+? mbBM; `2H /i Q7 bT?2`2 T+FBM;b iQ bim/v
T+FBM; /2MbBiv- T?vbB+H T`QT2`iv- M/ ;2QK2i`B+H bi`m+im`2 Q7 i?2 bT?2`2 +QM};m`iBQMb
?b #2;mM U7Q` 2tKTH2- b22 (Rd)VX
AM 6B;m`2 XR- r2 +M b22  `2bmHi Q7 *h b+Mb Q7 bT?2`2 T+FBM;b- r?Qb2 /i b2i
Bb pQt2H /i rBi? i?2 bBx2 Q7 2+? pQt2H ≈ 30 µmX Ai Bb FMQrM i?i HQ+H +`vbiHHBx2/
bi`m+im`2b TT2` i  /2MbBiv #2vQM/ φ ≈ 0.64 Ub22 (Rd)V- ?2M+2 i?2 T+FBM; BM 6B;m`2 XR
+QMbBbib Q7 KQ`T?Qmb bi`m+im`2 M/ +`vbiHHBx2/ bi`m+im`2- +HH2/  T`iBHHv +`vbiHHBx2/
T+FBM;X 6`QK i?Bb pQt2H /i- r2 ?p2 +QKTmi2/ i?2 +2Mi2` M/ i?2 /BK2i2` 7Q` 2+?
bT?2`2X
h?2 /BK2i2`b Q7 bT?2`2b `2 1mm rBi? TQHv@/BbT2`bBiv = 0.025mm UMK2Hv- i?2
rB/i? Q7 i?2 /Bbi`B#miBQM Q7 ;`BM /BK2i2`b Bb 0.05mmV- M/ i?2 /2MbBiv Bb /2}M2/ b
i?2 iQiH pQHmK2 Q7 bT?2`2b /BpB/2/ #v i?2 pQHmK2 Q7 +vHBM/2`RX
Rh?2 ?2B;?i Q7 i?2 +vHBM/2` Bb /2}M2/ b i?2 mTT2` bm`7+2 Q7 i?2 bT?2`2bX
ej
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
6B;m`2 XRX, j. `2M/2`BM; Q7 2tT2`BK2MiH T+FBM;b BM  +vHBM/`B+H +QMiBM2` rBi? 
/BK2i2` M/ ?2B;?i Q7 66mmX h?2 MmK#2` Q7 bT?2`2b Bb kRe-dkk M/
i?2 /2MbBiv Bb yXeNX *h b+Mb 2M#H2 mb iQ Q#b2`p2 i?2 BMM2` bi`m+im`2 Q7
;`MmH` Ki2`BHb- M/ r2 +M BM/22/ Q#b2`p2 i?2 +`vbiHHBx2/ bi`m+im`2 M/
KQ`T?Qmb bi`m+im`2X Uh?Bb };m`2 Bb bm#};m`2 Q7 ǳj. `2M/2`BM; Q7 bT?2`B+H
M/ +vHBM/`B+H 2tT2`BK2MiH T+FBM;bǴ #v JX a/i7` 2i HX ?iiTb,ff
rrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf7B;m`2bfR- mb2/ mM/2` ** "u
9Xy ?iiTb,ff+`2iBp2+QKKQMbXQ`;fHB+2Mb2bf#vf9XyfXV
*QMb2[m2MiHv- r2 ?p2 Q#iBM2/  TQBMi +HQm/- r?2`2 2+? TQBMi ?b ǳr2B;?iǴ- BX2X
i?2 `/BmbX G2i { (xi, ri) } #2 i?2 /i b2i Q7 i?2 +2Mi2`b xi M/ i?2 `/BB riX h?2M- i?2
T+FBM; bii2 +M #2 2tT`2bb2/ b X = ⋃iB(xi; ri)- r?2`2 B(xi; ri) Bb i?2 #HH Q7 +2Mi2`
xi M/ `/Bmb riX M Q7i2M mb2/ +QMbi`m+iBQM Q7  }Hi`iBQM 7`QK bm+?  TQBMi +HQm/ rBi?
r2B;?i Bb i?2 2tTMbBQM Q7 #HHb rBi? i?2 7QHHQrBM; T`K2i2`X
q2 BMi`Q/m+2 QM2 T`K2i2` α ∈ R- M/ /2}M2 ri(α) :=
√
r2i + α M/ X(α) :=⋃
iB(xi; ri(α))X 6Q` M BM+`2bBM; b2[m2M+2 0 = α1 < α2 < · · · < αn- r2 Q#iBM 
}Hi`iBQM Q7 bT+2b
X(α1) ⊂ X(α2) ⊂ · · · ⊂ X(αn).
AM i?Bb bim/v- r2 /QTi i?2 kM/ ?QKQHQ;v 7mM+iQ` H := H2(−;K) rBi? i?2 +Q2{+B2Mi
K = Z/2Z- BM Q`/2` iQ 2ti`+i i?2 +pBiv +QM};m`iBQMbX q2 i?mb Q#iBM i?2 T2`bBbi2Mi
?QKQHQ;v
HX(α1)→ HX(α2)→ · · ·→ HX(αn). UXRV
Ai Bb FMQrM i?i 2+? bT+2 X(αi) Bb ?QKQiQTv 2[mBpH2Mi iQ  r2B;?i2/ HT? +QKTH2t
Q7 i?2 +2Mi2`b (Rk)X h?2 Ur2B;?i2/V HT? +QKTH2t Bb  bBKTHB+BH +QKTH2t r?B+? Bb /2}M2/
#v .2HmMv i`BM;mHiBQM Q7 i?2 +2Mi2`b- M/ Bb pBH#H2 BM i?2 *YY HB#``v *:G (kN)X
6BMHHv- r2 /2+QKTQb2 i?2 T2`bBbi2Mi ?QKQHQ;v UXRV BMiQ BMi2`pHb
(HX(α1)→ HX(α2)→ · · ·→ HX(αn)) ∼=
⊕
1≤b≤d≤n
I[b, d]mb,d ,
e9
XkX .27Q`KiBQM JQ/2Hb
M/ THQi i?2 ?BbiQ;`K Q7 Bib T2`bBbi2M+2 /B;`K { (√αb,√αd) } BM R2X
>2`2- r2 T`2b2Mi i?2 `2bmHib +``B2/ Qmi Qp2` i?2 2MiB`2 ;`BM T+FBM;b
Ç R8y-yyy bT?2`2b rBi? i?2 /2MbBiv yXey
Ç R8e-jR8 bT?2`2b rBi? i?2 /2MbBiv yXej
Ç kRe-dkk bT?2`2b rBi? i?2 /2MbBiv yXeN
BM +vHBM/`B+H +QMiBM2`b- b r2HH b RR MQM@Qp2`HTTBM; bm#b2ib 2+? +QMiBMBM; 9-yyy
bT?2`2b- r?B+? ?p2 /2MbBiB2b `M;BM; 7`QK yX83 iQ yXdjX q2 +M b22 i?2 T2`bBbi2M+2
/B;`Kb BM 6B;m`2b Xk M/ XjX h?2 Q++m``2M+2 `i2b If Q7 i?2 ?BbiQ;`Kb `2 b+H2/
#v i?2 HQ;HQ; 7mM+iBQM f(x) = log(log(x+1)+1) iQ ?B;?HB;?i }M2 /2iBHb Q7 i?2 /B;`K-
M/ i?2M MQ`KHBx2/ HBM2`HvX
6B;m`2 Xk Bb  +QHH2+iBQM Q7 i?2 T2`bBbi2M+2 /B;`Kb Q7 i?2 /2MbBiB2b yXey- yXej- M/
yXeN- r?B+? `2 +QKTmi2/ 7`QK i?2 2MiB`2 ;`BM T+FBM;b +Q``2bTQM/BM; iQ i?2 /2MbBiB2b-
b r2HH b i?2 T2`bBbi2M+2 /B;`K Q7 i?2 /2MbBiv yXdj- r?B+? Bb +QKTmi2/ 7`QK i?2
bm#b2i Q7 i?2 ;`BM T+FBM; +Q``2bTQM/BM; iQ i?2 /2MbBivX 6B;m`2 Xj Bb  +QHH2+iBQM Q7
i?2 T2`bBbi2M+2 /B;`Kb Q7 RR bm#b2ibX
AM #Qi? };m`2b- r2 Q#b2`p2 i?i i?2 TQBMib BM i?2 T2`bBbi2M+2 /B;`Kb +QMp2`;2 iQ
i?2 irQ TQBMib- (bt, dt) = (0.5
√
1
3 , 0.5
√
1
2) M/ (bo, do) = (0.5
√
1
3 , 0.5)- b i?2 /2MbBiB2b
BM+`2b2X q2 +HH i?Qb2 `2b `QmM/ i?2 irQ TQBMib i?2 i2i`?2/` bTQi M/ Q+i?2/`
bTQi `2bT2+iBp2Hv- bBM+2 i?2 irQ TQBMib `2 ;2M2`i2/ #v i?2 +QM};m`iBQMb Q7  `2;mH`
i2i`?2/`QM M/ `2;mH` Q+i?2/`QM Ub22 6B;m`2 X9VX  r2HH@FMQrM 2tKTH2 Q7 i?2
/2Mb2bi bT?2`2 T+FBM;b Bb 7+2@+2Mi2`2/ +m#B+ U6**V- r?Qb2 T2`bBbi2M+2 /B;`K ?b
QMHv i?2 irQ TQBMib (bt, dt) M/ (bo, do) UrBi? KmHiBTHB+BiB2bVX h?mb- r2 `2 MQr #H2 iQ
+HbbB7v i?2 +pBiB2b mbBM; #B`i? M/ /2i? pHm2- Q` Bib HB72iBK2X
h?2 KBM /pMi;2 mbBM; T2`bBbi2Mi ?QKQHQ;v Bb i?i i?2 T2`bBbi2M+2 /B;`K Bb bi#H2
iQ i?2 TQBMi +HQm/- i?2`27Q`2 r2 +M /2}M2 [mbB@`2;mH` i2i`?2/`H M/ Q+i?2/`H
+pBiB2b- r?B+? `2 /B{+mHi iQ /2i2+i 7Q` +QMp2MiBQMH /Bb+`2i2 K2i?Q/b Ubm+? b oQ`QMQB
Q` .2HmMv K2i?Q/b (Rd)VX
XkX .27Q`KiBQM JQ/2Hb
AM i?2 T2`bBbi2M+2 /B;`Kb BM 6B;m`2 Xk- r2 +M Q#b2`p2 i?2 TQTmHi2/ `2- BM Qi?2`
rQ`/b- bB;MB}+Mi ;2QK2i`B+ bi`m+im`2bX AM Q`/2` iQ /2i2+i bm+? ;2QK2i`B+ bi`m+im`2b-
H2i mb +QMbB/2` i?2 7QHHQrBM; irQ ivT2b Q7 i2i`?2/`H /27Q`KiBQM- M/ irQ ivT2b Q7
Q+i?2/`H /27Q`KiBQM BM 6B;m`2 X9X
Ç h?2 }`bi i2i`?2/`H /27Q`KiBQM- .R- Bb i?i QM2 Q7 i?2 bT?2`2b `QHHb +`Qbb i?2
b//H2 `2 7Q`K2/ #v irQ M2B;?#Q`b- r?BH2 i?2 Qi?2` bT?2`2b biv }t2/X U6B;@
m`2 X9 #V
Ç h?2 b2+QM/ i2i`?2/`H /27Q`KiBQM- .k- Bb  bvKK2i`B+ T`Q+2bb i?i i`Mb7Q`Kb
 `2;mH` i2i`?2/`QM BMiQ  ~i b[m`2 +QM};m`iBQMX U6B;m`2 X9 #V
e8
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
6B;m`2 XkX, S2`bBbi2M+2 /B;`Kb Q7 bT?2`2 T+FBM;bX - #- M/ + `2 Q7 2MiB`2 bT?2`2
T+FBM;b- M/ / Bb Q7  bm#b2i +QMiBMBM; 9-yyy bT?2`2bX Uh?Bb };m`2 Bb ǳS.2
Q7 /BbQ`/2`2/- T`iBHHv Q`/2`2/ M/ ?B;?Hv Q`/2`2/ bT?2`2 T+FBM;bǴ #v
JX a/i7` 2i HX ?iiTb,ffrrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf
7B;m`2bf9- mb2/ mM/2` ** "u 9Xy ?iiTb,ff+`2iBp2+QKKQMbXQ`;f
HB+2Mb2bf#vf9XyfXV
ee
XkX .27Q`KiBQM JQ/2Hb
6B;m`2 XjX, S2`bBbi2M+2 /B;`Kb Q7 RR bm#b2ib 2+? +QMiBMBM; 9-yyy bT?2`2bX h?2
TQBMib BM T2`bBbi2M+2 /B;`Kb +QMp2`;2 iQ i2i`?2/`H M/ Q+i?2/`H bTQib
b i?2 /2MbBiv BM+`2b2bX Uh?Bb };m`2 Bb ǳ1pQHmiBQM Q7 T2`bBbi2M+2 /B@
;`K b  7mM+iBQM Q7 T+FBM; /2MbBiv φǴ #v JX a/i7` 2i HX ?iiTb,
ffrrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf7B;m`2bf3- mb2/ mM/2` **
"u 9Xy ?iiTb,ff+`2iBp2+QKKQMbXQ`;fHB+2Mb2bf#vf9XyfXV
ed
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
Ç h?2 }`bi Q+i?2/`H /27Q`KiBQM- .j- +QMbBbib Q7 /2i+?BM; irQ TB`b Q7 bT?2`2b
bvKK2i`B+HHv r?BH2 F22TBM; i?2 Qi?2` bT?2`2b iQm+?BM; i?2B` M2B;?#Q`b- mMiBH irQ
2/;2@/D+2Mi i2i`?2/` `2 7Q`K2/X U6B;m`2 X9 +V
Ç h?2 b2+QM/ Q+i?2/`H /27Q`KiBQM- .9- Bb MHQ;Qmb iQ .RX PM2 Q7 i?2 bT?2`2b
`QHHb HQM; i?2 b//H2 `2 7Q`K2/ #v irQ M2B;?#Q`b- r?BH2 i?2 Qi?2` bT?2`2b biv
}t2/X U6B;m`2 X9 +V
6Q` 2+? /27Q`KiBQM- i?2 T2`bBbi2M+2 /B;`K +?M;2b +QMiBMmQmbHv- i?i Bb- 2+? TQBMi
BM i?2 T2`bBbi2M+2 /B;`K 7Q`Kb  +m`p2 /m`BM; i?2 /27Q`KiBQMX 6B;m`2 X9  b?Qrb
i?2b2 +m`p2b 7Q` HH /27Q`KiBQMb bmT2`BKTQb2/ QM i?2 T2`bBbi2M+2 /B;`K Q7 i?2 2MiB`2
T+FBM; rBi? i?2 /2MbBiv yXeNX
aBM+2 i?2 HQ+iBQMb Q7 i?2 +m`p2b Ki+? r2HH rBi? i?2 #QmM/`B2b Q7 i?2 TQTmHi2/ `2-
B7 r2 bbmK2 i?2 ?vTQi?2bBb i?i i?2 T2`bBbi2M+2 /B;`K Q7 i?2 T`iBHHv +`vbiHHBx2/
T+FBM; rBi? i?2 /2MbBiv yXeN +Tim`2b bQK2 bB;MB}+Mi bi`m+im`2b Q7 i?2 +`vbiHHBxiBQM
T`Q+2bb- i?2M i?2 7Qm` /27Q`KiBQM KQ/2Hb +M #2 i?Qm;?i Q7 b /QKBMMi /27Q`KiBQM
bi`m+im`2b Q7 i?2 +`vbiHHBxiBQM T`Q+2bbX
q?i Bb T`Q#H2K\
h?Bb MHvbBb Bb  bB;MB}+Mi `2bmHi- #2+mb2 T2`bBbi2M+2 /B;`Kb `2 i?2 }`bi bi#H2
K2i?Q/ i?i Bb #H2 iQ +QMiBMmQmbHv +Tim`2 i?2 +QM};m`iBQMb Q7 +pBiB2b i?MFb iQ i?2
bi#BHBiv i?2Q`2KX >Qr2p2`- bBM+2 i?Bb MHvbBb 7Q+mb2b QMHv QM i?2 T2`bBbi2M+2 /B;`Kb-
Bi /Q2b MQi +Tim`2 i?2 +imH /27Q`KiBQM Q7 i?2 BMM2` ;2QK2i`B+H bi`m+im`2bX hQ 2t2+mi2
i?2 iQTQHQ;B+H MHvbBb QM bm+? /27Q`KiBQMb- r2 M22/ iQ bim/v i?2 K2i?Q/ r?B+? +M
+HbbB7v i?2 +pBiB2b BM /27Q`KiBQMbX h?Bb Bb  KQiBpiBQM 7Q` iQTQHQ;B+H MHvbBb Q7
/27Q`KiBQMb Q7 TQBMi +HQm/b b T`2b2Mi2/ BM *?Ti2` R M/ k@. T2`bBbi2M+2 KQ/mH2b b
T`2b2Mi2/ BM am#b2+iBQM 9X9XkX
e3
XkX .27Q`KiBQM JQ/2Hb
6B;m`2 X9X, h2i`?2/`H M/ Q+i?2/`H /27Q`KiBQM b+2M`BQbX  Bb i?2 T2`bBbi2M+2
/B;`K Q7 i?2 2MiB`2 T+FBM; rBi? i?2 /2MbBiv yXeN- rBi? bmT2`BKTQb2/
+m`p2b +Q``2bTQM/BM; iQ i?2 7Qm` /27Q`KiBQM KQ/2HbX # b?Qrb i2i`@
?2/`H /27Q`KiBQM KQ/2Hb M/ + b?Qrb Q+i?2/`H /27Q`KiBQM KQ/@
2HbX Uh?Bb };m`2 Bb ǳ:`BM@b+H2 i2i`?2/`H M/ Q+i?2/`H 7Q`K@
iBQMf/27Q`KiBQM b+2M`BQbǴ #v JX a/i7` 2i HX ?iiTb,ffrrrXMim`2X
+QKf`iB+H2bfM+QKKbR8y3kf7B;m`2bfe- mb2/ mM/2` ** "u 9Xy ?iiTb,
ff+`2iBp2+QKKQMbXQ`;fHB+2Mb2bf#vf9Xyf- +?M;2/ #v i?2 mi?Q`XV
eN
+FMQrH2/;2K2Mib
6B`bi Q7 HH- A rQmH/ HBF2 iQ b?Qr Kv ;`2i2bi TT`2+BiBQM iQ Kv bmT2`pBbQ` S`Q72bbQ`
ubmFB >B`QF 7`QK Kv Kbi2`Ƕb +Qm`b2 iQ i?2 T`2b2Mi- 7Q` b2KBM`b- /Bb+mbbBQM- DQBMi
rQ`Fb- M/ BMMmK2`#H2 M/ p`B2/ 2tT2`B2M+2b i?2b2 }p2 v2`bX qBi?Qmi ?Bb ;mB/M+2
M/ T2`bBbi2Mi ?2HT- i?Bb i?2bBb rQmH/ MQi ?p2 #22M TQbbB#H2X A rQmH/ HBF2 iQ 2tT`2bb Kv
;`iBim/2 iQ Kv bmT2`pBbQ` BM i?2 }MH v2` Q7 Kv S?. +Qm`b2- S`Q72bbQ` >B`Qb?B amBiQ-
7Q` ?Bb bmTTQ`i- ?2HT7mH /pB+2- M/ ;`22BM; iQ #2 i?2 +?B` Q7 Kv i?2bBb +QKKBii22X A
rQmH/ HbQ HBF2 iQ Qz2` Kv bT2+BH i?MFb iQ S`Q72bbQ` a?B;2iQb?B "M/Q- r?Q Bb  pB+2
+?B` BM Kv i?2bBb +QKKBii22X
A rQmH/ T`iB+mH`Hv HBF2 iQ i?MF Kv +QHH#Q`iQ`- .`X 1K2`bQM :X 1b+QH`- 7Q` ?Bb
KbbBp2 ?2HT BM i?2 bim/v Q7 [mBp2` `2T`2b2MiiBQMb M/ T`Q;`KKBM;- M/ 7Q` rB/2@
`M;BM; /Bb+mbbBQMX 6Q` Kv Qi?2` +QHH#Q`iQ`b- A K /22THv ;`i27mH iQ S`Q72bbQ` >B/2iQ
bb?B#- .`X JQ?KK/ a/i7`- .`X oM2bb _Q#BMb- M/ .`X LB+QHb 6`M+QBbX
A ?p2 /B{+mHiv BM r`BiBM; 1M;HBb? `iB+H2bX A7 Kv 1M;HBb? bFBHH ?b BKT`Qp2/- A K
BM/2#i2/ iQ i?2 T2QTH2 `QmM/ K2- T`iB+mH`Hv i?2 #Qp2 +QHH#Q`iQ`b M/ .`X EBHHBM
J22?MX
A rQmH/ HbQ HBF2 iQ 2tT`2bb Kv ;`iBim/2 iQ CTM aQ+B2iv 7Q` i?2 S`QKQiBQM Q7 a+B2M+2-
M/ CTM a+B2M+2 M/ h2+?MQHQ;v ;2M+v 7Q` i?2B` }MM+BH bmTTQ`iX
A rQmH/ HBF2 iQ i?MF HH Q7 i?2 +m``2Mi M/ Tbi K2K#2`b Q7 >B`QF H#Q`iQ`v BM
Evmb?m lMBp2`bBiv- hQ?QFm lMBp2`bBiv- M/ EvQiQ lMBp2`bBiv- 7Q` i?2B` FBM/M2bb- bmT@
TQ`i- M/ 2M+Qm`;2K2MiX AM //BiBQM- A ;Qi KMv BMbTB`iBQMb M/ `2+2Bp2/ bBM+2`2
2M+Qm`;2K2Mi 7`QK Kv 7`B2M/bX #Qp2 HH- A ?p2 iQ 2tT`2bb Kv bT2+BH i?MFb iQ
S`Q72bbQ` ATT2B P#vb?B- S`Q72bbQ` umbmF2 AKQiQ- S`Q72bbQ` EQv aFFB#`- S`Q72b@
bQ` umFB `MQ- .`X E2B >b2;r- .`X :2MFB EmbMQ- .`X hQKQ?B`Q EM/- M/ .`X
uQb?BFB PFmKm`X
6BMHHv- A rBb? iQ i?MF Kv 7KBHv 7Q` i?2B` bmTTQ`i M/ r`K 2M+Qm`;2K2Mi i?`Qm;?@
Qmi Kv bim/vX
dy
"B#HBQ;`T?v
(R) >X bb?B#- 1X :X 1b+QH`- uX >B`QF- M/ >X hF2m+?B- Ji`Bt J2i?Q/ 7Q` S2`@
bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6BMBi2 hvT2- CTMX CX AM/X TTHX Ji?X
.PA,RyXRyydfbRjRey@yR3@yjjR@v
(k) AX bb2K- .X aBKbQM- M/ X aFQr`QƖbFB- 1H2K2Mib Q7 i?2 _2T`2b2MiiBQM h?2Q`v Q7
bbQ+BiBp2 H;2#`b R, h2+?MB[m2b Q7 _2T`2b2MiiBQM h?2Q`v- *K#`B/;2 lMBp2`bBiv
S`2bb- *K#`B/;2- kyReX
(j) lX "m2` M/ JX G2bMB+F- AM/m+2/ Ji+?BM;b Q7 "`+Q/2b M/ i?2 H;2#`B+ ai#BHBiv
Q7 S2`bBbi2M+2- AM S`Q+22/BM;b Q7 i?2 h?B`iB2i? MMmH avKTQbBmK QM *QKTmiiBQMH
:2QK2i`v UaQ*: ǶR9V- *J- L2r uQ`F- Lu- la- 355Ĝ364X
(9) EX "Q`bmF- PM i?2 AK#2//BM; Q7 avbi2Kb Q7 *QKT+i BM aBKTHB+BH *QKTH2t2b-
6mM/X Ji?X j8 URN93V- 217Ĝ234X
(8) :X *`HbbQM M/ oX /2 aBHp- wB;x; S2`bBbi2M+2- 6QmM/X *QKTmiX Ji?X Ry UkyRyV-
jedĜ9y8X
(e) :X *`HbbQM- oX /2 aBHp- M/ .X JQ`QxQp- wB;x; S2`bBbi2Mi >QKQHQ;v M/ _2H@
pHm2/ 6mM+iBQMb- S`Q+X k8i? MMX avKTX *QKTmiX :2QKX *J UkyyNVX
(d) :X *`HbbQM M/ X wQKQ`Q/BM- h?2 h?2Q`v Q7 JmHiB/BK2MbBQMH S2`bBbi2M+2- .Bb@
+`2i2 *QKTmiX :2QKX 9k UkyyNV- 71Ĝ93X
(3) 6X *?xH- .X *Q?2M@ai2BM2`- JX :HBbb2- GX CX :mB#b- M/ aX uX Pm/Qi- S`QtBKBiv Q7
S2`bBbi2M+2 JQ/mH2b M/ i?2B` .B;`Kb- AM S`Q+22/BM;b Q7 i?2 hr2Miv@}7i? MMmH
avKTQbBmK QM *QKTmiiBQMH :2QK2i`v UaQ*: ǶyNV- *J- L2r uQ`F- Lu- la-
237Ĝ246X
(N) X *?BbiQp- :X ApMvQb- M/ JX E`TBMbFB- SQHvMQKBH hBK2 H;Q`Bi?Kb 7Q` JQ/mH2b
Qp2` 6BMBi2 .BK2MbBQMH H;2#`b- S`Q+X RNNd AMiX avKTX avK#QHB+ M/ H;2#`B+
*QKTmiX *J URNNdVX
(Ry) .X *Q?2M@ai2BM2`- >X 1/2Hb#`mMM2`- M/ CX >`2`- ai#BHBiv Q7 S2`bBbi2M+2 .B;`Kb-
.Bb+`2i2 *QKTmiX :2QKX jd UkyydV- 103Ĝ120X
(RR) qX *`rH2v@"Q2p2v- .2+QKTQbBiBQM Q7 SQBMirBb2 6BMBi2@.BK2MbBQMH S2`bBbi2M+2
JQ/mH2b- CX H;2#` TTHX R9 UkyR8V- 1550066X
(Rk) >X 1/2Hb#`mMM2`- h?2 lMBQM Q7 "HHb M/ Aib .mH a?T2- .Bb+`2i2 *QKTmiX :2QKX
Rj URNN8V- 9R8Ĝ99yX
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(Rj) >X 1/2Hb#`mMM2` M/ CX >`2`- *QKTmiiBQMH hQTQHQ;v, M AMi`Q/m+iBQM- K2`X
Ji?X aQ+X- S`QpB/2M+2- _?Q/2 AbHM/- kyRyX
(R9) >X 1/2Hb#`mMM2`- :X C#ƈQƖbFB- M/ JX J`Qx2F- h?2 S2`bBbi2Mi >QKQHQ;v Q7 
a2H7@JT- 6QmM/X *QKTmiX Ji?X R8 UkyR8V- 1213Ĝ1244X
(R8) >X 1/2Hb#`mMM2`- .X G2ib+?2`- M/ X wQKQ`Q/BM- hQTQHQ;B+H S2`bBbi2M+2 M/
aBKTHB}+iBQM- .Bb+`2i2 *QKTmiX :2QKX k3 UkyykV- 8RRĜ8jjX
(Re) 1X :X 1b+QH` M/ uX >B`QF- S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7
6BMBi2 hvT2- .Bb+`2i2 *QKTmiX :2QKX 88 UkyReV- 100Ĝ157X
(Rd) LX 6`M+QBb- JX a/i7`- _X *`mBFb?MF- M/ X a?2TT`/- :2QK2i`B+H 6`mbi`@
iBQM BM KQ`T?Qmb M/ S`iBHHv *`vbiHHBx2/ S+FBM;b Q7 aT?2`2b- S?vbX _2pX G2iiX
RRR UkyRjV- R93yyRX
(R3) SX :#`B2H- lMx2`H2;#`2 .`bi2HHmM;2M A- JMmb+`BTi Ji?X e URNdkV- 71Ĝ103X
(RN) JX :K2B`Q- uX >B`QF- aX AxmKB- JX E`K`- EX JBb+?BFQr- M/ oX LM/-
hQTQHQ;B+H J2bm`2K2Mi Q7 S`Qi2BM *QKT`2bbB#BHBiv pB S2`bBbi2Mi .B;`Kb- CTMX CX
AM/X TTHX Ji?X jk UkyR8V- 1Ĝ17X
(ky) 1X GX :`22M- GX aX >2i?- M/ *X X ai`m#H2- *QMbi`m+iBM; >QKQKQ`T?BbK aT+2b
M/ 1M/QKQ`T?BbK _BM;b- CX avK#X *QKTmiX jk UkyyRV- RyRĜRRdX
(kR) aX >`F2`- >X EQFm#m- EX JBb+?BFQr- M/ SX SBH`+xvF- AM/m+BM;  JT QM >Q@
KQHQ;v 7`QK  *Q``2bTQM/2M+2- S`Q+X K2`X Ji?X aQ+X R99 UkyReV- 1787Ĝ1801X
(kk) uX >B`QF- hX LFKm`- X >B`i- 1X :X 1b+QH`- EX Jibm2- M/ uX LBb?Bm`X
>B2``+?B+H ai`m+im`2b Q7 KQ`T?Qmb aQHB/b *?`+i2`Bx2/ #v S2`bBbi2Mi >QKQHQ;vX
S`Q+X LiHX +/X a+BX la RRj UkyReV- 7035Ĝ7040X
(kj) JX G2bMB+F- h?2 h?2Q`v Q7 i?2 AMi2`H2pBM; .BbiM+2 QM JmHiB/BK2MbBQMH S2`bBb@
i2M+2 JQ/mH2b- 6QmM/X *QKTmiX Ji?X- R8 UkyR8V- 613Ĝ650X
(k9) EX JX Gmt M/ JX axǒF2- *QKTmiBM; .2+QKTQbBiBQMb Q7 JQ/mH2b Qp2` 6BMBi2@
/BK2MbBQMH H;2#`b- 1tT2`BK2MiH Ji?X ReURV UkyydV- RĜeX
(k8) EX JX Gmt M/ JX axǒF2- *QKTmiBM; >QKQKQ`T?BbK aT+2b #2ir22M JQ/mH2b Qp2`
6BMBi2 .BK2MbBQMH H;2#`b- 1tT2`BK2MiH Ji?X RkURV UkyyjV- NRĜN3X
(ke) JX a/i7`- >X hF2m+?B- oX _Q#BMb- LX 6`M+QBb- M/ uX >B`QF- SQ`2 *QM};m@
`iBQM GM/b+T2 Q7 :`MmH` *`vbiHHBxiBQM- LiX *QKKmMX 3 UkyRdV- 15082X
(kd) >X hF2m+?B- h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT, 6`QK  oB2rTQBMi Q7
ZmBp2` _2T`2b2MiiBQMb- `sBp,R3RyXRRdd9 UkyR3VX
(k3) X wQKQ`Q/BM M/ :X *`HbbQM- *QKTmiBM; S2`bBbi2Mi >QKQHQ;vX .Bb+`2i2 *QK@
TmiX :2QKX jjUkV Ukyy8V- k9NĜkd9X
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(kN) *:G- *QKTmiiBQMH :2QK2i`v H;Q`Bi?Kb GB#``vX ?iiTb,ffrrrX+;HXQ`;
(jy) :X :m2MM2#m/- "X C+Q#- M/ Qi?2`b- 1B;2M pj UkyRyVX ?iiT,ff2B;2MXimt7KBHvX
Q`;
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